
Analysis – Homework 4 – Fractals

Andrés E. Caicedo

October 30, 2013

This set is due Friday, November 15, at the beginning of lecture.

Euclid measured order and left the knot
of chaos to be unraveled by Mandelbrot
who found truth in the blood and air.

Fractals, by Diana Der-Hovanessian
(1989).

The bounded metric d on Rn is defined by

d(x, y) =
{
|x− y| if |x− y| < 1, and

1 otherwise.

This metric and the standard metric are equivalent and topologically equivalent (in the
sense of homework 2). We will use this metric here since it is convenient that all distances
are bounded in what follows.

We can use d to measure distance between points and sets: Given a non-empty set A ⊆ Rn

and x ∈ Rn, define
d(x,A) = inf{d(x, y) | y ∈ A}.

Given A,B ⊆ Rn, define
δ(A,B) = sup{d(x,B) | x ∈ A}.

Define the hyperspace K(Rn) to be the collection of all compact subsets of Rn. We define
a distance on K(Rn) using the Hausdorff metric: Given compact sets K,L ⊆ Rn, we set

dH(K,L) =


0 if K = L = ∅,
1 if exactly one of K,L is ∅,

max{δ(K,L), δ(L,K)} otherwise.

We can define K(X) in exactly the same manner for any metric space X whose metric
satisfies d(x, y) ≤ 1 for all x, y (but will only use X = Rn in what follows). In fact, if we
ignore the empty set, we can dispense as well with the requirement that d is bounded.
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1. Show that if D ⊆ Rn is closed and non-empty, then for any x ∈ Rn there is a y ∈ D
such that

d(x,D) = d(x, y)

so, in particular, the infimum in the definition of d(x, L) is really a minimum when L
is compact.

2. Show that if C,D ⊆ Rn are non-empty, with C compact and D closed, then there is
an x ∈ C (and a y ∈ D) such that

δ(C,D) = d(x,D) = d(x, y)

so, in particular, the supremum in the definition of δ(K,L) is really a maximum when
K,L are compact.

3. Give an example of compact sets K,L such that δ(K,L) 6= δ(L,K), or else prove that
the two expressions always coincide.

4. Provide an example showing that, in general, if e ∈ Rn and L is compact, then
dH({e}, L) 6= d(e, L). (There are cases where the equality holds, and it may be useful
to provide some examples of this as well.)

5. Given A ⊆ Rn and ε > 0, the ε-expansion of A is the set

Aε =
⋃
x∈A

Bε(x).

(The balls are of course computed with respect to the bounded metric d.)

Show that if K,L 6= ∅, then dH(K,L) is the infimum of the ε such that K ⊂ Lε and
L ⊂ Kε.

6. Prove that dH is a metric.

7. The metric dH allows us to measure how “close” two compact sets are to one another.
Here are some examples.

(a) Work in K(R). For n > 0, let Kn =

[
0,

n∑
i=1

1
i

]
. Explain why the sequence

(Kn)n≥1 is not Cauchy.

(b) Work in K(R). Let C0, C1, . . . be the usual compact sets used in the construction
of the Cantor set, so C0 = [0, 1], C1 = [0, 1/3] ∪ [2/3, 1] and, in general, Cn is
the disjoint union of 2n closed intervals of length 1/3n, and Cn+1 is the result of
removing from each of these intervals the open middle interval of length 1/3n+1.
Compute dH(Cn, Cm) for n,m ∈ N, and dH(Cn, C) for n ∈ N. Conclude that
limn→∞Cn = C.

(c) Again, work in K(R). For n > 0, let Kn =
[
0, 1− 1

n

]
, and let L = [0, 1].

Compute dH(Kn, L) as a function of n, and conclude that limn→∞Kn = L.
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(d) Work in K(R2). For n > 0, let Kn be the result of removing from [−1, 1]2

the small open square whose closure is [−1/n, 1/n]2. For n,m ≥ 1, compute
dH(Kn,Km). Verify that (Kn)n≥1 is Cauchy, and find L = limn→∞Kn.

Note that, in the last two examples, the sequence (Kn)n≥1 is increasing and yet its
limit is not

⋃
n≥1Kn, which is not compact.

8. A metric space (X, d) is totally bounded iff for every ε > 0 there is a finite covering of
A by balls of radius ε. Corollary 4.57 in Pugh’s Real mathematical analysis states
that a metric space is compact iff it is complete and totally bounded. Make sure you
understand the proof of this result.

Use it to verify that (K(Rn), dH) is compact, and that ∅ is an isolated point, so
K(Rn) \ {∅} is also compact.

We will use the Banach fixed point theorem (Item 23 in section 4.5 of Pugh’s text) on
K(Rn) \ {∅} to produce many examples of (self-similar) fractals. For this, we need the
notion of a iterated function system, or IFS.

If (X, d) is a complete metric space, an IFS on X is a finite non-empty set {f1, . . . , fn} of
contraction mappings fi : X → X. Recall that f : X → X is a contraction iff there is a q
with 0 ≤ q < 1 and such that d(f(x), f(y)) ≤ qd(x, y) for all x, y ∈ X.

Any such IFS gives rise to a map F : P(X)→ P(X) defined by

F (A) =
n⋃
i=1

fi[A].

9. Show that if C,D,K,L are compact subsets of Rn, then

dH(C ∪K,D ∪ L) ≤ max{dH(C,D), dH(K,L)}.

10. Given an IFS on Rn, let F be the associated map on subsets of Rn. Check that F (K)
is compact whenever K is compact.

This allows us to consider the restriction of F to K(Rn) \ {∅} as a function from
K(Rn) \ {∅} to itself (also denoted F ). Show that F is a contraction. Conclude that
there is a unique compact non-empty set L such that F (L) = L. This set is usually
called the attractor of the IFS. Recall that, for any non-empty compact set K ⊆ Rn,
the sequence K0 = K,K1 = F (K0),K2 = F (K1), . . . converges to L (even if K is a
singleton and L is uncountable).

The point of the above is that L is self-similar in the sense that L =
⋃n
i=1 fi[L] and each

fi[L] is a “copy” of L. It is in this sense that L is a fractal. This can be made more explicit
in specific examples, where the fi are typically affine maps. A beautiful example is Barnsley
fern and its variants.

11. Show that the Cantor set C is a fractal, by giving an IFS on R consisting of two
contractions f1, f2 and with attractor C. Check that if K0 = C0 = [0, 1], then
Kn = Cn, where Cn is as in problem 7.(b).
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12. The Hilbert curve is an example of a fractal space-filling curve. Write down the
natural IFS on R2 that leads to it. (Note that in this case the attractor is simply the
unit square [0, 1]2.)

13. Give an IFS whose attractor is the Sierpiński gasket. Do the same for the Koch
snowflake.

To learn more about the Hausdorff distance dH , I recommend Kechris’s Classical descrip-
tive set theory, see in particular section 4.F.

For more on self-similar fractals (and many examples), see Barnsley’s Fractals every-
where.
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