
Analysis – Homework 2 – Metric Spaces

Andrés E. Caicedo

October 1st, 2013

This set is due Wednesday, October 16, at the beginning of lecture.

There are three natural notions of equivalence when discussing two metrics d and d′ over a
given set X:

Definition 1. (i). The metrics are equivalent iff (X, d) and (X, d′) have precisely the
same Cauchy sequences.

(ii). The metrics are topologically equivalent iff the open sets produced by open balls in
the metric d are exactly the same as the open sets produced by open balls in the
metric d′.

(iii). The metrics are strongly equivalent iff there are constants c, C > 0 such that, for any
x, y ∈ X, we have that d(x, y) ≤ cd′(x, y) and d′(x, y) ≤ Cd(x, y).

1. For each of these three notions, give an example of a set X and metrics d, d′ on X
that are equivalent with respect to that notion. In particular, show that the Euclidean
metric and the taxicab metric in R2 are strongly equivalent. (Feel free to provide more
than one example in each case.)

2. Show that if d and d′ are equivalent metrics on X (in the sense of (i)), a sequence
converges to a point L ∈ X in (X, d) iff it converges to L in (X, d′).

3. Does any of these three notions of equivalence imply that (X, d) and (X, d′) have the
same open balls? (If yes, provide a proof, if not, provide counterexamples.)

4. Investigate all possible implications between these notions of equivalence, that is, as-
suming that (X, d) and (X, d′) are equivalent under one of these three definitions,
under which other of these three definitions are they also equivalent? For the impli-
cations that hold, provide a proof. For those that fail, provide a counterexample. In
particular, verify that completeness of a space is not a topological property in the
sense that there are examples of complete spaces that are topologically equivalent to
spaces that are not complete.

(An interesting problem is what spaces (X, d) have the property that all metrics d′

topologically equivalent to d are complete. We will not pursue that question here, but
you may want to think about it.)
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5. Given a metric d on a space X, let d′ =
d

1 + d
(that is, d′ : X ×X → R is defined by

d′(x, y) =
d(x, y)

1 + d(x, y)
for all x, y ∈ X).

(a) Show that d′ is also a metric.

(b) Show that for every ε > 0 there is a δ > 0 such that for any x ∈ X, Bd
ε (x) =

Bd′
δ (x), where the superscripts indicate the metric used to define the open ball.

(c) Conversely, show that for any ε > 0 with ε < 1 there is a δ > 0 such that for any
x ∈ X, Bd′

ε (x) = Bd
δ (x).

(d) Determine which of the three notions of equivalence defined above are satisfied
by d, d′.

Definition 2. Recall that a norm on Q is a function ‖ · ‖ : Q → [0,∞) such that for any
x, y ∈ Q, we have:

(i). ‖x‖ = 0 iff x = 0.

(ii). ‖xy‖ = ‖x‖ · ‖y‖.

(iii). (Triangle inequality.) ‖x+ y‖ ≤ ‖x‖+ ‖y‖.

The trivial norm is the norm that assigns value 1 to each nonzero x.

The Euclidean norm is the absolute value.

Given a prime p, the p-adic norm is defined as follows: First, |0|p = 0. For x 6= 0, we note
that there is a unique integer a and integers m,n relatively prime to p such that x = 2a

m

n
,

and we set |x|p = p−a. We call a the p-order of x, and denote it a = ordp(x).

Given a norm ‖ · ‖, the induced metric on Q is d(x, y) = ‖x− y‖.
Say that two norms are equivalent iff their induced metrics are equivalent.

6. Show that a norm is completely determined by its restriction to the prime numbers.

7. (a) Given a positive α, show that ‖x‖ = |x|α is a norm iff α ≤ 1.
(Given that we have not defined exponentiation in general, being completely
rigorous here may be too ambitious. At least provide a proof for α rational. If
you want to attempt the general case, use the definition of exponentiation given
in Rudin’s Principles of mathematical analysis, exercises 6 and 7 in chapter
1.)

(b) Show that these norms are all equivalent to the absolute value norm.

8. Fix a prime p and a number ρ with 0 < ρ < 1. Define ‖ · ‖ by setting ‖0‖ = 0 and,
for nonzero x ∈ Q, ‖x‖ = ρordp(x).

(a) Show that ‖ · ‖ is a norm.
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(b) Show that ‖ · ‖ is equivalent to | · |p.

9. Show that, for any prime p, the p-adic norm and the Euclidean norm are not equiva-
lent.

10. Show that if p 6= q are different primes, then | · |p is not equivalent to | · |q.

The goal of the last sequence of exercises is to prove Ostrowski’s theorem: Any nontrivial
norm ‖ · ‖ on Q is either ‖x‖ = |x|α for some positive α ≤ 1, or ‖0‖ = 0 and, for x 6= 0,
‖x‖ = ρordp(x) for some ρ ∈ (0, 1) and some prime p.

The argument divides into two cases, depending on whether there is some positive integer
n with ‖n‖ > 1.

11. Assume that this is the case, and let n0 be the least such n. Define α so that ‖n0‖ = nα0 .
Our goal is to show that ‖x‖ = |x|α for all x.

(a) Show that it suffices to show this for x = n a positive integer.

(b) Show that there is some constant C > 0 such that ‖n‖ ≤ Cnα as follows:
Write n in base n0,

n = i0 + i1n0 + · · ·+ ikn
k
0

where ik 6= 0, and all i0, . . . , ik are nonnegative integers strictly smaller than n0.
(That this is possible follows from HW 1.) Show that

‖n‖ ≤ 1 + nα0 + n2α
0 · · ·+ nkα0 ≤ Cnkα0

for some constant C > 0 (independent of n).
Conclude that ‖n‖ ≤ Cnα.

(c) Show that in fact ‖n‖ ≤ nα as follows:
Given an arbitrary integerN , use nN in place of n to conclude that ‖n‖ ≤ N

√
Cnα.

Deduce from this that ‖n‖ ≤ nα.

(d) Show that there is a constant C ′ > 0 such that ‖n‖ ≥ C ′nα as follows:
Writing n in base n0 as before, show that ‖n‖ ≥ ‖nk+1

0 ‖−‖nk+1
0 −n‖ and conclude

that

‖n‖ ≥ n(k+1)α
0 − (nk+1

0 − n)α ≥ n(k+1)α
0

(
1−

(
1− 1

n0

)α)
.

Deduce from this that there is a constant C ′ > 0 (independent of n) with ‖n‖ ≥
C ′nα.

(e) As before, conclude that in fact ‖n‖ ≥ nα.

12. Now assume that ‖n‖ ≤ 1 for all positive integers n. We want to show that there is
some τ with 0 < τ < 1, and some prime p such that ‖n‖ = τordp(n).

(a) Show that if this is the case, then the same holds for all nonzero rationals x.
Hence it suffices to establish this formula for positive integers n.
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(b) Show that there is a least positive integer n such that ‖n‖ < 1, and verify that
it is a prime p. This is the prime claimed above. The number τ is given by
‖p‖ = τ . It remains to show that indeed ‖n‖ = τordp(n) for all positive integers
n.

(c) Show that the formula holds if n is a power of p, n = pk for some k, and explain
why it suffices to show that ‖q‖ = 1 when q is a prime different from p. In what
remains, fix such a prime q.

(d) Assume towards a contradiction that ‖q‖ < 1, and show that there are integers
P,Q large enough so that ‖pP ‖ < 1/2 and ‖qQ‖ < 1/2.

(e) The key to remaining ingredient is the fact that the greatest common divisor of
two numbers is a linear combination of them. In particular, if a, b are relatively
prime, then there are integers x, y such that

ax+ by = 1.

In our case, this gives us integers m,n such that mpP +nqQ = 1. Use the triangle
inequality for ‖ · ‖ to reach a contradiction.
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