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1. Introduction

Patterns are everywhere. They are deeply embedded all

around us. We observe patterns in nature, art, architec-

ture, mathematics, etc. If you were to picture any type

of repeating pattern, like in bathroom tiles, quilts, rugs,

or wallpaper, you would be picturing a pattern that be-

longs to one of only 17 distinct symmetry groups. In fact,

the concept of these symmetry groups are often nicknamed

wallpaper groups because of this relation. These symme-

try groups are two-dimensional repetitive patterns that are

categorized and classified by their symmetries. The classi-

fications are determined by what type of rotations, reflec-

tions, translations, and glide-reflections each pattern has.

It might sound surprising, that of all the repeating pat-

terns we can think of there are only 17 distinct groups.

The reason this can be is because many patterns could

look completely different and still fall within the same category. Alternatively, there could be pat-

terns that look very similar but do not fall within the same category. It all has to do with their

symmetries.
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(a) Symmetry (b) Rotation (c) Translation

(d) Reflection (e) Glide-reflection

Visualization of Terminology

2. History

So, how do we know there are only 17 symmetry groups? Two proofs have been provided, one by

Russian mathematician, Evgraf Fedorov, in 1891, and another by Austrian mathematician, George

Plya, in 1924. These proofs have shown that there are only 17 possible patterns that make up these

symmetry groups. Even though the proofs are relatively recent, the existence of the different groups

has been seen throughout history. We can see demonstrations of the groups in ancient architecture.

For example, the different groups have been very well represented in Islamic buildings, like mosques

and mausoleums.

There are also many examples of art that has been influenced or inspired by the 17 symmetry

groups. These examples can be seen from both ancient and modern times.

However, probably the most famous representations of symmetry groups in art would be the works

of M.C. Escher. Escher was a Dutch graphic artist who made tessellations a well known concept. His

works are so recognized that even if someone was unaware what a tessellation was you could quickly

get the concept across by referencing Eschers famous art.



The left picture is of a carved and painted ceiling in the Tomb of Moulay Ishmael, in Meknes,
Morocco. This is an example of group 16 (p6m). The right pattern here is a great illustration of

symmetry groups in Egyptian art. This is an example of group 12 (p4g).

Escher tessellation

Moving on to the next section of this paper we will outline the specific classifications for each

symmetry group. Here is a tool to help make it easier to determine which group is which. This flow

chart was created by Dorothy Washburn and Donald Crowe:



Flow chart

3. Results

A wallpaper group is like a tessellation. Patterns are created by repeating a

shape to fill the plane. There are exactly 17 different plane symmetry groups.

They are referred to as wallpaper groups, because they make two-dimensional

patterns like wallpaper. A plane symmetry group is made up translations,

reflections, glide-reflections, and rotations. Translations shift the pattern some

distance from the original and leave the pattern appearing unchanged.

The rotations are clockwise and can rotate by half-turns, 120 degree turns, 90 degree turns, and

60 degree turns. A reflection looks like a flip along an axis. The axes can be horizontal, vertical, or

at some angle. Glide reflections are more complicated. A glide reflection is composed of a reflection



Figure 1. 17 groups with description

across an axis and a translation along the axis. This table will help understand the descriptions

of each group. The groups start with either p or c, primitive cell or centered cell. The number n

represents the type of rotation. The following letters m, g or 1 represent mirror, glide reflection, or

none.

Symmetry group 1: p1 The first group is made up

of only translations. The lattice, or the structure, is a

parallelogram, so the translation axes may be inclined at

an angle. The picture remains unchanged no matter how



Figure 2. p1 images

Figure 3. p2 images

many translations you apply. This group has the simplest

pattern to pick out by just looking.

Symmetry group 2: p2 This group is made up of

both translations and rotations. These 180 degree rotations are referred to as half-turns. The lattice

is a parallelogram, so the axes of translation can be at an angle. The picture with the dots in Figure

3 points out the fixed points of the half turns.

Symmetry group 3 (pm) This group has reflections and translations. There are 2 types of

parallel reflections axes. These reflections are referred to as bilateral symmetries. The lattice of this



Figure 4. pm images

group is a rectangle. In this example, the axis of reflection is inclined as shown by the red lines in

Figure 4.

Symmetry group 4 (pg) This group contains glide

reflections and translations. Glide reflections are hard to

see. The direction of a glide reflection is parallel to one

axis of translation and perpendicular to the other axis of

translation. The lattice is a rectangle. You can see in the picture on the right that a glide reflection

is represented by the purple line and the green arrows. Figure 5 shows all of the axes for glide

reflections.

Symmetry group 5 (cm) This group contains reflections and glide-reflections with parallel axes

and translations. The lattice is a rhombus. Red lines are the axes of reflections and green lines are

the axes of glide reflections on Figure 6. The translations are inclined at an angle.

Symmetry group 6 (pmm) This group contains reflections whose axes are perpendicular. The

rotations are half-turns. The lattice is a rectangle. In Figure 7 you will see red lines representing the

axes of reflection, and the dots represent the fixed points of half turns.



Figure 5. pm images

Figure 6. cm images

Symmetry group 7 (pmg) This group has reflections and glide reflections, as well as transla-

tions. The lattice is a rectangle. The red lines are the axes of reflection, green lines are the axes of

glide reflections, and black dots are the fixed points of the half-turns.

Symmetry group 8 (pgg) This group contains glide-

reflections, half turn rotations, and translations. The lat-

tice is a rectangle. In figure 9, the picture on the right



Figure 7. pmm images

Figure 8. pmg images

shows the fixed points of the half turns and the axes of

glide reflections.

Symmetry Group 9 (cmm) This group contains re-

flections and 180 degree rotations. The lattice is a rhom-

bus. The picture on the right in Figure 10 represents the points of the half turns and the axes of

reflection.



Figure 9. pgg images

Figure 10. cmm images

Symmetry Group 10 (p4) This group contains rotations and translations. This group contains

90 degree rotations, while the previous groups do not. The lattice is a square. The black dots in

figure 11 represent the centers for the half turns and the blue squares represent the centers of the 90

degree turns.

Symmetry Group 11 (p4m) This group contains rotations, translations, and reflections. The

rotation centers lie on the reflection axes. The lattice is a square. There are also glide-reflections in



Figure 11. p4 images

Figure 12. p4m images

this group. This group contains 90 degree turns, half turns, and reflection axes at 45 degree angles

as shown in figure 12.

Symmetry Group 12 (p4g) This group contains reflections, glide reflections, and rotations.

The axes of reflection are perpendicular at 90 and 180 degree angles. The lattice is square.

Symmetry Group 13 (p3) This group contains rotations and translations. The lattice is a

hexagon. The rotations centers are found at the vertices and centers of the triangles, and are 120

degree rotations.



Figure 13. p4g images

Figure 14. p3 images

Symmetry Group 14 (p31m) This group contains reflections, rotations, and glide reflections.

The reflections are at 60 degree inclines to each other and the rotations are 120 degree turns. The

lattice is a hexagon. The reflection axes are parallel and make equilateral triangles. The axes of glide

reflections are halfway between the reflection axes.

Symmetry Group 15 (p3m1) This group is similar to p31m. The difference is that all of the

centers of rotation lie on the reflection axes. The lattice is a hexagon.

Symmetry Group 16 (p6) This group contains rotations and translations. The rotations are

at 60 degrees, 180 degrees, and half turns. The lattice is a hexagon. There are no reflections in this

group.



Figure 15. p31m images

Figure 16. p3m1 images

Symmetry Group 17 (p6m) This is the most compli-

cated group of them all. It contains reflections, rotations,

translations, and glide reflections. The rotations are at 120

degrees, 60 degrees, and 180 degrees. The axes of reflection



Figure 17. p6 images

Figure 18. p6m images

cross all the centers of rotation. The lattice is a hexagon.

The axes of glide reflections are halfway between the par-

allel reflection axes. They pass through the centers of the

half turns.



Figure 19. Generated images

4. Examples

For examples of the different 17 plane symmetry groups, the Project 22: JWallpaper applet was

used to generate four patterns 1

The first picture is a construction of the group 5 (cm). I drew pi and tessellated it in the plane

with reflections, glide reflections, and translations. The second picture is a construction of the group

13 (p3). The symmetries used in this construction are rotations and translations. The rotations are

around the vertices of triangles and are 120 degree rotations.

The third picture is a construction of the group 9 (cmm). This group contains reflections and 180

degree rotations. The lattice is a rhombus. The fourth picture is a construction of the group 11

1Found at http://jcrystal.com/steffenweber/JAVA/jwallpaper/J2DSPG.html



(p4m). This group contains rotations, translations, and reflections. The rotation centers lie on the

reflection axes. The lattice is a square. There are also glide-reflections in this group. This group

contains 90 degree turns, half turns, and reflection axes at 45 degree angles.

5. Proofs

As discussed earlier, the plane symmetry groups (or wallpaper groups) are patterns made up of

rigid moves that do not change the pattern of the plane. That is, when the plane moved, the relative

distance between points stays the same and the relative position of the points stays the same. The

rigid moves are translations, reflections, glide-reflections, and rotations, which are defined below. 2

Definition 5.1. A translation is a move in which everything is moved by the same amount in the

same direction.

Definition 5.2. A reflection is a move which reflects a point over a mirror line. The distance from

a point to the mirror is the same as the distance from the image of that point to the mirror.

Remark 5.3. If two mirror lines, m1,m2 are parallel, then a m1 reflection combined with a m2

reflection results in a translation.

Remark 5.4. If two mirror lines, m1,m2 intersect, then a m1 reflection combined with a m2 reflection

results in a rotation.

Definition 5.5. A glide-reflection is a mirror reflection, followed by a translation parallel to the

mirror line.

Definition 5.6. A rotation is a move which fixes one point and rotates everything by the same

amount around that point. The point of rotation is called a rotocenter.

2These definitions were taken from David W. Farmer in Groups and Symmetry: A guide to Discovering Mathematics



Theorem 5.7. The rotations in a wallpaper group pattern must be generated by 360
n
◦rotations, where

n denotes the order of the rotation and n = 1, 2, 3, 4, 6.

Proof. Suppose we have a line of p−�−q, where � is a rotocenter and p and q are points on the line,

with each distance from the rotocenter being a. Now, suppose we rotate p 360
n

◦
and q −360

n

◦
around the

rotocenter. In order for this rotation to be in a wallpaper group pattern, then we know that the dis-

tance between the newly-rotated points must be a′ = ma, where m is some integer. By trigonometry,

we know that cos 360
n

= ma
2a

, which implies that 2 cos 360
n

= m. The only way for m to be an integer is

if n = 1, 2, 3, 4, or 6. If n were any other number, the distance between the two reflected points would

contradict the structure of a wallpaper pattern. This is also know as the crystallographic restriction.

To sketch a proof that there are only 17 plane symmetry groups, we look at R.L.E Schwarzen-

berger’s paper The 17 plane symmetry groups for notation and where the complete argument can be

found.

Let the symmetry group G be written as (η, ϕ), where η is the translation vector and ϕ is a linear

transformation which preserves distance. For the symmetry group, we assume that ϕ is either a

rotation around a certain axis or a reflection. Then the symmetry (η, ϕ) will send a point p

(p)(η, ϕ) = η + ϕp

The group multiplication will be the composition of symmetries, so

(p)[(ν, θ)(̇η, ϕ)] = (ν + θp)(η, ϕ)

= η + ϕν + ϕθp

= (p)(η + ϕν, ϕθ)

From this definition, then there are invariants for G. There is the lattice T of a group, which is

comprised of only translations, so that ϕ is the identity rotation (ι) or reflection and the point group,



which is the group of linear transformations, so the set of all ϕ, where ϕ is either a rotation or a

reflection.

The 17 plane symmetry groups are classified by the the amount of reflections in the point group.

Five plane symmetry groups contain no reflections in the point group, three plane symmetry groups

contain one reflection in their point group, and nine groups contain more than one reflection.

First, we prove that there are five groups with no reflections in their point group as a sketch, using

Schwarzenberger’s argument.

Theorem 5.8. There are 5 equivalence classes of plane group G whose point groups contain no

reflections

Proof. Since there are no reflections, we know that ϕ only contains rotations. As proved earlier, we

know that these rotations are cyclic and are generated by 2π/n, where n =1, 2, 3, 4 or 6. Then we

suppose that we have G and G′ that have the same point group with no reflections. The complete

proof then goes to show that G and G′ are equivalent by constructing an isomorphism λ from the

lattice group T of G to T ′. Then G and G′ can be written as the union of n cosets, where each

coset represents the number of rotations each ϕ can do. We then go to show that G → G′ is an

homomorphism which sends (t, ι)(ν, ϕ)i to (λt, ι)(ν ′, ϕ)i using the properties of the group operation.

We know that

(ν, ϕ)i(t, ι) = (ν + ϕν + · · ·+ ϕi−1ν, ϕi)(t, ι)

= (ν + ϕν + · · ·+ ϕi−1ν + ϕit, ϕi)

= (ϕit, ι)(ν + ϕν + · · ·+ ϕi−1ν, ϕi)

= (ϕit, ι)(ν, ϕ)i



.

(ν ′, ϕ)i(λt, ι) = (ν ′ + ϕν + · · ·+ ϕi−1ν, ϕi)(λt, ι)

= (ν ′ + ϕν ′ + · · ·+ ϕi−1ν ′ + ϕiλt, ϕi)

= (λϕit, ι)(ν ′ + ϕν ′ + · · ·+ ϕi−1ν ′, ϕi)

= (λϕit, ι)(ν ′, ϕ)i

So, Schwarzenberger then shows that G → G′ is a homomorphism given these equations. Then

since the homomorphism has an inverse and maps T onto T ′, then we know that G and G′ are

equivalent. Since ϕ could have five different rotations, then there are five classes with no reflections,

p1, p2, p3, p4, p6.

Now we sketch that there are three groups with one reflection in their point group.

Theorem 5.9. There are 3 equivalence classes of plane group G whose point group contains a single

reflection

Proof. Since there is one reflection in the point group, then the point group is order 2, with a reflection

g on line l. By Schwarzenberger’s paper, we know there is a vector r in the lattice that lies on l and

a vector s in the lattice that is perpendicular to l. There are three types of situations that can arise.

One is when we have a centered rectangle lattice, a primitive rectangle with a reflection, and another

is when we have a primitive rectangle with a glide reflection. Again, we write G and G′ as a union

of two cosets, with one coset being the identity transformation (T.(0, ι)) and the other coset being

the one representing a reflection and a given translation. Then we define G → G′ to be (t, ι)(ν, l)i

to (λt, ι)(ν ′, l′)i, where λ is defined to be g′λ = λg, where g ∈ G, g′ ∈ G′. So then using the group



operations,

(ν, g)(t, ι) = (ν + gt, g)

= (gt+ ν, gι)

= (gt, ι)(ν, g)

(ν ′, g′)(λt, ι) = (ν ′ + g′λt, g′)

= (ν ′ + λgt, g′)

= (λgt, ι)(ν ′, g′)

(ν, g)2 = (ν + νg, g2)

= (a, ι)

where ν + νg represents a mirror reflection around g. Again, we show that this operation is a

homomorphism given these equations, and show that G and G′ are equivalent, so there are three

equivalence classes for one reflection.

The more difficult result is for showing there are 9 groups with more than one reflection. Because

the point group contains two reflections, we know that the reflection lines l,m make up a π/n angle.

If the angle is π/2, then the centered rectangle yields one group and then there are three other

possibilities: where each reflection gives a primitive reflection, each gives a glide reflection, or one

reflection yields each. If the angle is π/3, there are two combinations, either a primitive reflection or a

glide reflection. If the angle is π/4, then there is one possibility for one reflection and two possibilities

for the other. If the angle is π/6, only one possibility can occur. Again, the same proof technique

is repeated. The equations of the linear transformations imply that there is an isomorphism from

G→ G′. Then using the same technique, we can show that G and G′ are equivalent.



From the book, Groups and Symmetry by M.A. Armstrong, we can look at the lattice group and

classify them as different types based upon the linear combinations of vectors a and b, where a

and b are the spanning set of the lattice. There are 5 different types of lattice groups: oblique,

rectangular, centered rectangular, square, and hexagonal. With this different point of view, we can

also prove the order of the rotations must be 1, 2, 3, 4, or 6. A sketch of the argument goes like

this: if the order is larger than six, then the angle of rotation would be less than 60◦. Suppose vector

a was rotated at this angle, which is now b. Then the linear combination b− a would be shorter

than a, which is a contradiction. Similarly, if n = 5, then the angle of rotation would be 72◦. If

say vector a was rotated twice to be a∗, then a ∗+a would be shorter than a, which is a contradiction.

6. Conclusion

Since there are patterns all around us we can use these categories and classifications as a tool to

attempt to recognize symmetry groups as well see them. Next time you‘re wrapping a Christmas

gift try to determine which symmetry group is adorning the paper. Since this is such a visually

stimulating mathematical concept I think this has a great potential for engaging students, from

elementary school to college, as a way to address concepts like geometry, groups, and isomorphism.
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