
187 §1 - DISCRETE MATHEMATICS
Final exam

Instructor: Andrés E. Caicedo

May 10, 2010

Name

This test consists of 100 points distributed over 13 problems. (There is also
an extra credit problem.) Each problem is worth 5 points unless specified
otherwise. The test constitutes 20% of your total score. Answer on your
blue book. Indicate clearly in each page the problem you are working on.
Make sure to show all your work. Do not skip any non-obvious steps.

1. What do you need to do to prove that a statement of the form

p→ (q ∨ ¬p)

is false?

2. Find the order o(5) in Z27. Remember that this is the smallest positive
integer n such that 5n = 1 in Z27.

3. (10 pts.) Use the Euclidean algorithm to find integers x, y such that
12x + 17y = 1.

4. Note that 8(5)−13(3) = 1. Use this to solve the equation (8⊗x)⊕2 =
11 in Z13.

5. (10 pts.) Let a, b, c be natural numbers. Suppose that a and b are
relatively prime, and that a and c are relatively prime. Prove that a
and bc are relatively prime.

6. Prove that, for any natural number n, 3|(n3 − n).
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7. Prove by induction on n that Kn, the complete graph on n vertices,
has n(n− 1)/2 edges.

8. (10 pts.) The Lucas numbers are defined by recursion as follows: We
set L0 = 2, L1 = 1, and Ln+2 = Ln+1 + Ln for n = 0, 1, . . .

(a) Find the values of L2, L3, L4, L5, and L6.

(b) Show that, for any n, Ln and Ln+1 are relatively prime.

9. Use a Venn diagram to show that A∪ (B ∩C) = (A∪B)∩ (A∪C) for
any sets A, B, C.

10. (15 pts.) Define the relation R on N by saying that, for x, y ∈ N,

x R y ⇐⇒ 5|(3x − 3y).

Show that R is an equivalence relation.

11. With R as in the previous problem, find the equivalence class of 2.

12. (10 pts.) We say that two sequences

(a0, a1, a2, a3, a4) and (b0, b1, b2, b3, b4)

of distinct integers follow the same pattern iff for all i with 0 ≤ i < 4
we have ai < ai+1 iff bi < bi+1. For example,

(3, 1,−2, 7, 0) and (10, 2, 1, 4,−6)

follow the same pattern:

3 > 1 > −2 < 7 > 0 and 10 > 2 > 1 < 4 > −6.

Use the pigeonhole principle to show that in any collection of 17 se-
quences of five distinct integers, there must be at least two that follow
the same pattern.

13. (10 pts.) Consider the following graph G: Its vertices are the elements
of Z13. Two vertices are joined by an edge iff their difference is 1, 5, 8,
or 12. Show that there are no triangles in this graph.

14. (Extra credit. Work on this only if you are done with the
rest of the test. 15 pts.) Show that, in the graph of the previous
problem, given any 5 vertices, at least two are joined by an edge.
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