
403/503: Linear Algebra

Homework 5

Andrés E. Caicedo

This set is due Friday, March 26.

1. The taxicab norm on R2 is defined by setting ‖v‖ = |v1| + |v2|, where v = (v1, v2).
Show that this is indeed a norm. As usual, we can define a distance function by
setting d(v,w) = ‖v−w‖. Find 2 non-congruent, non-degenerate triangles with sides
of length 1, 1, and 2.

2. This exercise is related to an 80-year old open problem of Paul Erdős. Consider a
unit square H. Inscribe in H exactly n squares with no common interior point. (The
squares do not need to cover all of H.) Denote by e1, . . . , en the side lengths of these
squares, and define

f(n) = max
n∑

i=1

ei.

Show that f(n) ≤
√

n, and that equality holds iff n is a perfect square.

(Erdős problem is to find all n for which f(n) = f(n + 1). Currently, it is only known
that f(n) < f(n + 2) for all n, f(1) = f(2) = 1, f(4) = f(5) = 2, and that if
f(n) = f(n + 1), then n is a perfect square.)

3. (This exercise comes from Jerry Shurman, Geometry of the quintic, Wiley-Interscience,
1997.)

A rigid motion of R3 is a function R : R3 → R3 such that

〈R(y)−R(x), R(z)−R(x)〉 = 〈y − x, z− x〉

for all vectors x,y, z ∈ R3. (Here, 〈·, ·〉 is the usual inner product on R3.) The goal
of this exercise is to show that these maps are precisely the functions of the form
R(x) = Ax + b where A is an orthogonal matrix and b ∈ R3.

(a) By definition, a 3×3 matrix A with real entries is orthogonal iff AT A = I, where
AT is the transpose of A. Show that this is equivalent to stating that A preserves
inner products, in the sense that

〈Ax, Ay〉 = 〈x,y〉

for all x,y ∈ R3.
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(b) Show that if R(x) = Ax + b where A is orthogonal, then R is indeed a rigid
motion.

(c) To prove the converse, assume now that R : R3 → R3 is rigid.

i. Show first that R is a bijection.
ii. Let b = R(0) and set S(x) = R(x) − b. Eventually, we want to show that

S is a linear transformation. Begin by checking that S(0) = 0 and that
〈S(x), S(y)〉 = 〈x,y〉 for all x,y ∈ R3.

iii. Show that 〈S(x + y), S(z)〉 = 〈S(x) + S(y), S(z)〉 for all x,y, z ∈ R3, and
conclude that S preserves addition.

iv. Argue similarly that S preserves scalar multiplication, and is therefore linear.
v. It follows that S(x) = Ax for some matrix A. Conclude the proof by checking

that A is indeed orthogonal.

4. Solve exercises 2–7, 10–14 from Chapter 6 of the textbook.
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