
275 §1- CALCULUS III - Midterm 1

Instructor: Andrés E. Caicedo

September 26, 2008

Please explain what you are doing and show all your steps. You will lose points
if it is not clear how you found your solutions, even if they are right. Conversely,
if you have a clear strategy that indicates you know how to solve a problem,
you may obtain some partial credit, even if you do not finish.
The second problem is worth 4 points. Problems 1 and 3 are each worth 3
points.

1. (a) Compute the area of the parallelogram spanned by the vectors ~a =
(2, 1) and ~b = (−3, 5).

(b) Compute the volume of the parallelepiped spanned by the vectors
~u = (2, 1, 0), ~v = (−3, 5, 0) and ~w = (0, 0,−3).

(c) Is ~u,~v, ~w a positive or a negative frame?

2. Follow the suggested steps to show that the vector-valued function
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describes the motion of a particle moving in the circle of radius 1 centered
at the point (2, 2, 1) and lying in the plane x+ y − 2z = 2.

(a) Find scalar functions f(t), g(t), and h(t) such that

r(t) = f(t)i + g(t)j + h(t)k.

Is r(t) a continuous function of t?

(b) Show that, for any t, r(t) lies in the plane x+ y− 2z = 2 by showing
that f(t) + g(t)− 2h(t) = 2.

(c) Show that, for any t, the distance from r(t) to (2, 2, 1) is 1.
The above shows that r(t) lies in the intersection of the sphere of
radius 1 centered at (2, 2, 1), and the plane x + y − 2z = 2. This
intersection is a circle. There are two additional details we need to
verify in order to be done: That the circle is actually a great circle
(like the equator) as oppose to a smaller one (like, say, Tropic of
Cancer), and that r(t) travels the whole circle as t varies, rather
than just a part of it, like an arc.
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(d) Show that (2, 2, 1) is in the plane x+ y − 2 = 2.

(e) Assume that 0 ≤ t1 < t2 < 2π. Show that r(t1) 6= r(t2). Show also
that r(t) = r(t + 2π) for all t. Conclude from this and continuity
that r(t) indeed travels the whole circle as t varies.

3. Consider the curve r = ti + t2j + t3k, whose graph is shown in the next
page.

(a) Find equations for the osculating, normal, and rectifying planes of
the curve when t = 1.

(b) Find the curvature of the curve at the point where t = 1.
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