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Morasses were first introduced by Jensen, see Devlin Constructibility (MR0750828
(85k:03001)), and the handwritten manuscript by Jensen, Higher-gap morasses,
1972/73. They describe an elaborate index set that allows us to obtain large
direct limits from small structures. For example, structures of size < ωα indexed
along an (ωα, β)-morass give us a limit of size ωα+β . This is used in model the-
ory to prove cardinal transfer theorems. For example, Devlin’s book explains
how a gap-2 cardinal transfer theorem can be obtained from the existence of an
(ω1, 1)-morass. Here, we say that a structure A = (A,RA, . . . ) is of type (κ, λ)
iff |A| = κ and |RA| = λ, and a typical gap-τ theorem asserts that if A is of type
(κ+τ , κ), then there is an elementary equivalent structure B of type (ωτ , ω), see
Chang-Keisler Model theory. Third edition (MR1059055 (91c:03026)).

Jensen considered (κ, β)-morasses where κ is regular and β < κ; the paper under
review provides references where the existence of morasses is established in L

or in forcing extensions. The focus of the paper is to propose a generalization
of the notion, where now β ≥ κ. Specifically, the paper suggests a definition for
(ω1, β)-morasses. In Section 2, it is explained why this case was not considered
previously. Briefly, an ordinal ν is called ω1+β-like iff {α | Lν |= α is an
uncountable cardinal} ∪ {ν} has order type β + 1. The countable ω1+β-like
ordinals are used as index sets in the definition of (ω1, β)-morasses. Of course,
there are no such countable ordinals if β ≥ ω1.

Consider a family of structures (Aν | ν < ω1). Let Sα = {ν | Lν |= α is the
largest cardinal}. If Lν has a largest cardinal, call it αν . Jensen considers maps
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f : Sαν̄ ∩ ν̄ → Sαν ∩ ν under appropriate assumptions about ν̄ and ν. Let
Mν̄ = (Aτ | τ ∈ Sαν̄

∩ ν̄). Under said assumptions, these maps can be extended
to an embedding of Mν̄ to Mν , denoted f : ν̄ ⇒ ν. The conditions require that
if ν̄ is ωγ-like, then so is ν (ν̄ and ν have the same type). In order to define his
generalization, Irrgang allows that ν̄ and ν have different types, which requires a
careful recursive construction, resembling the way that �-sequences are defined
in L, and indicates a close relationship between the existence of morasses, and
fine structure. The definition is involved, and is presented in detail in Section 2
(see particularly pp. 126–128).

To argue for the naturalness of the notion, Irrgang defines in Section 3 the re-
lated concept of κ-standard morasses, and shows that any ω1+β-standard morass
is an (ω1, β)-morass, and that the existence of a κ-standard morass implies that,
for some sequence X, we have:

• There is an SX ⊂ κ consisting of limit ordinals and such that X = (Xν |
ν ∈ SX).

• For ν limit, let

Iν =
{

(JX
ν , X � ν) if ν /∈ SX ,

(JX
ν , X � ν,Xν) if ν ∈ SX ,

and let β(ν) be the least β such that JX
β+ω |= ν is singular.

Then

• The structures Iν are amenable;

• The Xν are coherent: If ν ∈ SX , H ≺1 Iν and λ = sup(H ∩ ORD), then
λ ∈ SX and Xλ = Xν ∩ JX

λ ;

• The Iν satisfy condensation: If ν ∈ SX , and H ≺1 Iν , then for some
µ ∈ SX , H ≡ Iµ;

• SX = {β(ν) | ν is singular in Iκ}; and

• The cardinals of Lκ[X] coincide with the cardinals below κ.

In short, we say that Lκ[X] computes cardinals correctly, and admits fine struc-
ture and condensation. As explained at the end of the paper, standard fine
structural arguments can be carried out in this setting, which justifies the no-
tation; in particular, there are Σn-Skolem functions for the Iν .
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