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Abstract. We show that the existence of (atomlessly) real-valued measurable

cardinals does not settle the range of Lebesgue measure on the projective sets.
Specifically, we show that if there is such a cardinal, then all ∆˜ 1

3 sets of reals

are Lebesgue measurable, and (starting from a measurable cardinal) exhibit a
model where the continuum is real-valued measurable but there are Σ˜ 1

3 sets

that are not Lebesgue measurable, and a model where the continuum is real-

valued measurable and all projective sets are Lebesgue measurable. We also
generalize a result of W. Hugh Woodin showing that real-valued measurability

implies that R] exists.

1. Introduction

For κ a cardinal, let RVM(κ) denote the statement that κ is real-valued mea-
surable. If in addition κ ≤ c, we say that κ is atomlessly measurable. In Caicedo
[Cai06] we showed that the generic invariance of the class (Σ2

2)+ with respect to
real-valued measurability is not a theorem of ZFC, even in the presence of projective
absoluteness (see [Cai06, Section 3] for definitions and notation). In this note we
explain why the mention of projective absoluteness is necessary to avoid trivialities.
Some of the results here were obtained around the time [Cai06] appeared. There
seems to be a resurgence of interest in related topics, so it feels worthwhile to make
the arguments widely available.

Recall that the existence of atomlessly measurable cardinals is equivalent to the
existence of a measure extending Lebesgue measure and defined on all sets of reals,
see Ulam [Ula30]. In Section 2 we show in turn that although the existence of such
cardinals influences the extent of Lebesgue measure on the projective sets, it is not
enough to determine it. A common theme of the arguments is the existence of non-
trivial elementary embeddings between inner models of the form L(R) of different
models. These maps are typically generic embeddings and exist in the extension
by some Randomλ, the usual forcing notion for adding λ many random reals, see
[Cai06, Definition 1.7]. Sometimes such embeddings fix the ordinals. Recall for
instance the following, contained in [Cai06, Lemma 2.1 and Corollary 2.2].

Lemma 1.1. Let G be generic over V for Randomλ where λ is uncountable, and let
R denote the reals of V[G]. In V[G], there is R0 ⊆ R and a nontrivial elementary
embedding j : L(R0) → L(R) such that j�OR = id. (In particular, in V[G], choice
fails in L(R).)

These observations suggest that a closer inspection of these embeddings may
turn out fruitful. We show an example of this in Section 2, where we argue that if
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there is an atomlessly measurable cardinal κ, then choice fails in L(R). For another
example, in Section 3 we prove that if M and N are inner models and there are
two definable elementary embeddings from L(R)M to L(R)N , one of which is the
identity on ordinals, then (RM )] exists. Definability is not essential and is used
simply to sidestep issues of formalization of statements involving proper classes.

1.1. Acknowledgements. We thank W. Hugh Woodin for allowing us to include
his proof of Lemma 3.1.

2. Lebesgue measurability

See [Cai06] and references therein for general background on real-valued mea-
surability. The following is Solovay’s characterization of real-valued measurability
in terms of generic elementary embeddings [Cai06, Theorem 1.6 and Remark 1.21].

Theorem 2.1. RVM(κ) holds iff there is λ ≥ ω1 such that

VRandomλ |= ∃j : V→ N elementary with cp(j) = κ.

If κ ≤ c and RVM(κ), we may in addition require that

VRandomλ |= κN ⊆ N.

Corollary 2.2. If there are atomlessly measurable cardinals, then the axiom of
choice fails in L(R).

Proof. This is immediate from Theorem 2.1 and Lemma 1.1: Suppose that κ is
atomlessly measurable, and let λ and N be as in Theorem 2.1. In the extension by
Randomλ, there is an elementary embedding between L(R)V and L(R)N , which is
the L(R) of the forcing extension, since N is closed under ω-sequences. But choice
fails in L(R) of the forcing extension by Lemma 1.1. �

Theorem 2.3. Assume that there are atomlessly measurable cardinals. Then all
∆˜ 1

3 sets are Lebesgue measurable.

Proof. The existence of real-valued measurable cardinals implies that all reals have
sharps (by, say, Theorem 2.1) and therefore all Σ˜ 1

2 sets are Lebesgue measurable, see
Solovay [Sol70]. By [BJ95, Theorem 9.4.6], if all Σ˜ 1

2 sets are Lebesgue measurable
then for any λ, VRandomλ |= ∆˜ 1

3 sets are Lebesgue measurable. This is a projective
statement about VRandomλ by [BJ95, Lemma 9.1.2]. But it is an easy consequence
of Theorem 2.1 that if there are atomlessly measurable cardinals, then for some
λ ≥ ℵ1, V and VRandomλ coincide about projective statements. �

Recall that the reals admit a good ∆1
3 well-ordering iff there is a ∆1

3 well-ordering
≤ of R of length ω1 such that the set of reals coding proper initial segments of ≤
is a Σ1

3 set. Theorem 2.3 cannot be improved in general, since the following result
shows that the existence of atomlessly measurable cardinals does not imply that
Σ1

3 sets are Lebesgue measurable.

Theorem 2.4. Suppose V = L[µ] is the smallest inner model with a measurable
cardinal κ or, more generally, a model with a measurable cardinal κ in which the
reals admit a good ∆1

3 well-ordering. Then VRandomκ |= κ = c, RVM(κ), and there is
a nonmeasurable Σ1

3 set.
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Proof. Every real in VRandomκ is added to V by small forcing (in fact, by a forcing
isomorphic to Randomω), and therefore V and VRandomκ agree about Σ1

3 statements,
by the Martin-Solovay theorem [MS69]. Since Randomκ is ccc and therefore preserves
ω1, by arguing about the ∆1

3 well-ordering in V as in Woodin [Woo99, Theorem
3.28] it follows that RV is Σ1

3 in VRandomκ . But RV is not Lebesgue measurable
as it does not have measure zero, arguing as in [BJ95, Lemma 3.2.39], but it has
size ω1 < c and therefore cannot have positive measure. Finally, by the results of
Solovay [Sol71], κ = c and RVM(κ) hold in VRandomκ . �

Remark 2.5. Similarly, the existence of atomlessly measurable cardinals implies
that all Σ˜ 1

2 sets have the property of Baire (since all reals have sharps), but, by the
first two paragraphs of the proof of [BJ95, Theorem 9.4.19], not all ∆˜ 1

3 sets have
the property of Baire in the model obtained by forcing with Randomκ over V = L[µ].

On the other hand, we also have:

Theorem 2.6. Let T = ZFC+There exists an atomlessly measurable cardinal and
all projective sets are Lebesgue measurable and have the property of Baire. The theory
T is equiconsistent with ZFC+There exists a measurable cardinal.

Proof. By a well-known result of Kunen (see Harrington-Shelah [HS85]), if λ is
weakly compact, then the projective theory of VColl(ω,<λ) is frozen under ccc forc-
ing; the point is that there is an elementary embedding from the L(R) of VColl(ω,<λ)

into the L(R) of VColl(ω,<λ)∗P for any ccc poset P. By Solovay’s theorem [Sol70],
all projective sets are Lebesgue measurable and have the property of Baire in this
model. If κ is measurable and κ > λ, then VColl(ω,<λ)∗Randomκ is a model of T . �

3. Real-valued measurability and R]

The following observation is due to Woodin; it is useful to obtain, for instance,
significant lower bounds in consistency strength from the strengthenings of real-
valued measurability introduced in [Cai06]; we do not discuss these lower bounds
in this note, but the observation is of independent interest.

Lemma 3.1 (Woodin). If there is a real-valued measurable cardinal, then R] exists.

Remark 3.2. Suppose RVM(κ). Of course we only need to consider the case where
κ is atomlessly measurable. What makes Lemma 3.1 interesting is that we are not
assuming κ = c. An easy argument shows that R] exists if RVM(c) holds: Recall
thatH(c) is the collection of sets of hereditary cardinality strictly smaller than c. All
members of H(c) admit sharps, from Theorem 2.1 and general considerations about
elementary embeddings. Thus, if κ = cV and λ is such that VRandomλ |= j : V → N
witnesses real-valued measurability of κ, and κN ⊆ N , then all bounded subsets of
j(κ) in N have sharps. Since κN ⊆ N , RV ∈ N and is coded by such a bounded
set. Hence, N |= R] exists, and therefore VRandomλ |= R] exists. Since set forcing
cannot create sharps of ground model sets, R] ∈ V.

We now proceed with the proof of Lemma 3.1.

Proof. Suppose κ ≤ c and RVM(κ). It suffices to show that ΘL(R) < κ, where ΘL(R)

is the supremum of the ordinals α such that there is in L(R) a surjection from R
onto α. This is because L(R)[H] = HODL(R)[G], where H is a generic enumeration

of R and G, defined in terms of H, is generic over HODL(R) for a poset in VHODL(R)

Θ ,
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see for example Caicedo-Ketchersid [CK11]. If ΘL(R) < κ, it follows from this fact
that R] exists in a forcing extension of V, and therefore in V.

Let j : V → N be a generic embedding witnessing RVM(κ). The embedding j

is defined in VRandomλ for some λ ≥ ω1, and RN = RVRandomλ . In N (Randomj(λ))
N

, there

is an embedding i∗ : L(RN ) → L(RN
(Randomj(λ))

N

) with i∗�OR = id. Therefore, by

elementarity of j, there is in VRandomλ such an embedding i : L(RV)→ L(R)VRandomλ .
Notice that from the existence of both embeddings j and i it follows that Θ must

be a fixed point of j and in particular κ 6= ΘL(R).
Towards a contradiction, suppose now that there is a surjection π : R→ κ with

π ∈ L(R). Since i obviously fixes the reals of V, j(π)�RV is ordinal definable in
L(RV), and is a surjection of RV onto j(κ). But then there is an x ∈ RV such that
j(π)(x) = κ, a contradiction: j(π)(x) = j

(
π(x)

)
= π(x) < κ. �

A more general version is possible, see Theorem 3.5 below. Even more general
versions hold as well; our insistence on stating the result in terms of models of the
form L(R) is solely to highlight the connection with Lemma 3.1.

Definition 3.3. Let M,N,P be models of set theory with the same ordinals,
M,N ⊆ P . Let

EPM,N = { j : L(RM )→ L(RN ) : j is elementary and

definable (from parameters) in P }.

Since EPM,N is a collection of proper classes, it must be interpreted just as a

convenient shorthand. Of course, if EPM,N 6= ∅, then RM ⊆ RN .

Let j ∈ EPM,N . Then j is the unique embedding in EV
M,N extending j�OR, because

any x ∈ L(R) is definable in L(R) from reals and ordinals, i.e., for any x ∈ L(R)
there is a formula φ(~v, ~u, w, t) and there are reals ~r and ordinals ~α such that

x = { y ∈ L(R) : L(R) |= φ(~r, ~α, x, y) }.
We will say that x is definable in L(R) from ~r, ~α by a term τ , and write x =
τL(R)(~r, ~α). The reader should have no problem turning this notation into some-
thing more precise.

We have then that if j ∈ EPM,N , then for any such term τ ,

j
(
τL(RM )(~r, ~α)

)
= τL(RN )

(
~r,~j(α)

)
.

Definition 3.4. We say that j ∈ EV
M,N is the canonical embedding between L(RM )

and L(RN ) iff j�OR = id.

Notice that if the canonical j exists, then ΘL(RM ) = ΘL(RN ) and in fact the theory
of L(R) in ordinal parameters is the same whether it is computed in L(RM ) or in

L(RN ). In particular, HODL(RM ) = HODL(RN ) and j�
HODL(RM ) = id. Because of this

fact, whenever the canonical j exists we can suppress mention of the superindices
L(RM ),L(RN ) and simply talk about Θ, HOD, etc.

Theorem 3.5. Suppose there is a canonical j ∈ EV
M,N . Let π ∈ EV

M,N , π 6= j.

Then κ = cp(π) exists, κ > Θ, and (RM )] and (RN )] exist.

Proof. If π�OR = id then π = j, against the assumption. Hence, κ = cp(π) exists.

Since ΘL(RM ) = ΘL(RN )(= Θ) then π fixes it and in particular κ 6= Θ. Towards a
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contradiction, suppose κ < Θ. Then there is a surjection ρ : RM → κ, ρ ∈ L(RM ).

Say ρ = τL(RM )(~r, ~α) for some term τ . Then

π(ρ) = τL(RN )
(
~r, ~π(α)

)
= j

(
τL(RN )

(
~r, ~π(α)

))
is a surjection, π(ρ) : RN → π(κ), and therefore τL(RM )

(
~r, ~π(α)

)
= ρ̂ : RM → π(κ)

is a surjection as well, ρ̂ ∈ L(RM ). It follows that there is an x ∈ RM such that
ρ̂(x) = κ. So

ρ̂(x) = κ = j(κ) = j
(
τL(RM )

(
~r, ~π(α)

)
(x)

)
= τL(RN )

(
~r, ~π(α)

)
(x) = π(ρ)(x) = π(ρ)

(
π(x)

)
= π

(
ρ(x)

)
= ρ(x) < κ,

a contradiction.
It is a theorem of Woodin that L(R) is a symmetric extension of HODL(R) by a

forcing of size ΘL(R) (this is the result from [CK11] referenced earlier). Since κ > Θ

and HODL(RM ) = HODL(RN ), π�HOD : HOD→ HOD and it follows that (RM )] exists
in a forcing extension of V (adding the generic for HOD that produces RM ) and
therefore it exists in V as well. Similarly, (RN )] exists. �

By Theorem 3.5, if the canonical j ∈ EV
M,N exists, then either EV

M,N = {j} or else

there is a proper class of embeddings in EV
M,N . More precisely, let C be the class

of Silver indiscernibles for L(RM ). Then any i ∈ EV
M,M is induced by (RM )] in the

sense that i is the unique elementary embedding from L(RM ) into itself extending
the order preserving map i�C : C→ C, and any such order preserving map induces
a unique elementary i ∈ EV

M,M . For such an i, the map j ◦ i is also in EV
M,N .

Definition 3.6. Suppose the canonical j ∈ EV
M,N exists. We say that π ∈ EV

M,N

is induced iff π = j ◦ i for some i ∈ EV
M,M . Let IV

M,N be the collection of induced

π ∈ EV
M,N .

Fact 3.7. If the canonical j ∈ EV
M,N exists, then EV

M,N = IV
M,N .

Proof. Let π ∈ EV
M,N and let C be the class of Silver indiscernibles for L(RM ). we

claim that cp(π) ∈ C and π�C : C → C. Once we have this, we are done: Let
π̂ ∈ EV

M,M be the unique elementary embedding of L(RM ) into itself extending π�C.

Then π = j ◦ π̂ ∈ IV
M,N .

But that cp(π) and π�C are as claimed is clear from the fact that π�HOD : HOD→
HOD, so π sends HOD-indiscernibles to HOD-indiscernibles. Since cp(π) > Θ by
Theorem 3.5, it follows that C is precisely the class of HOD-indiscernibles above
Θ. �
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[BJ95] Tomek Bartoszyński, Haim Judah. Set Theory. On the structure of the real

line, A K Peters, Ltd., Wellesley, MA (1995). MR 1350295.
[Cai06] Andrés E. Caicedo. Real-valued measurable cardinals and well-orderings of the reals,

in Set Theory. Centre de Recerca Matemàtica. Barcelona, 2003-2004, Joan
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