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Abstract

Consider an n-dimensional unit cube with an n-dimensional unit sphere
centered at each of its vertices. What is the volume of the center-most
region bounded by these spheres?

1 Introduction

The origin of the question at hand is in a high school level geometry puzzle,
to find the area of the central region illustrated below, where the sides of the
square and radii of the circles are 1.

There are many ways to obtain the solution, and it suggests generalizations to
more difficult problems. One can ask the same question of other regular
polygons, and it turns out there is a simple formula for the area of this
center-most region bounded by all of the unit circles centered on the vertices
of a regular unit n-gon, the equation 1.
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Another possible generalization of this problem is to consider cubes and
spheres in higher dimensions. My hope was that such a formula existed for
this higher dimensional generalization as well, and finding this formula was the
original goal of the work leading to this paper.
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2 A Few Observations

With a few observations we can get a very good idea of what is happening in
large dimension cases. First, this central region is symmetrical. Therefore, we
will from here on restrict ourselves to the region bounded by one sphere
(centered at the origin) and the (hyper)planes with one coordinate equal to 1

2 ,
and in the first orthant. We will also say that the unit cube is positioned with
a vertex at the origin and edges on each of the positive coordinate axes.

In the 2 and 3 dimensional cases, the central region is interior to the sphere.
This is because the distance from the origin to the center of the cube is less
than 1. In 4 dimensions, the center of the cube is ( 1

2 ,
1
2 ,

1
2 ,

1
2 ) which is distance

1 from the origin. Therefore all of the spheres intersect at the center, and
there is no region to consider. In more than 4 dimensions, the center is more
than 1 unit from the origin, so the central region is exterior to the spheres.

Now we will consider some bounds on the volume of the region. It is interior
to the unit cube, so its volume is bounded above by 1 in any dimension. We
just established that in more than 4 dimensions, the region is exterior to all of
the spheres. An upper bound for the volume of the region interior to the
sphere and interior to some sphere can be obtained by multiplying the volume
of each sphere interior to the cube by the number of spheres. Therefore, a
lower bound for the volume of the desired region can be found by subtracting
this value from 1, the volume of the cube. In n dimensions, 1/2n of each
sphere is interior to the cube. Since there are 2n vertices (and therefore 2n

spheres), the volume of the region is bounded below by 1− Vn(1) where Vn(R)
is the volume of the n-dimensional sphere of radius R. We will see later that
this lower bound actually approaches 1 when the number of dimensions goes
to ∞, giving an exact solution to the volume of the desired region as the
number of dimensions goes to ∞.

3 Method of Calculation

Now we will calculate the volume of the region more explicitly. Again, we are
restricting ourselves to just the region bounded by one of the spheres and by
the planes with one coordinate equal to 1

2 in the first orthant, from which we
can easily obtain the volume of the desired region. While the number of
dimensions is 3 or fewer, one can express the region as a double or triple
integral. However, when the number of dimensions, n, is greater than 4, this n
integral expression becomes more complicated as the region is exterior to the
sphere.

It is much easier to compute volumes of regions interior to the spheres, so in
the cases of dimension 4 or higher we will instead calculated the volume of the
region interior to the sphere and with all coordinates less than 1

2 (subtracting
this volume from 1

2n yields 1/2n of the desired region).

The method presented here of computing the volume of this region is
essentially a counting problem. The key is to realize that no region interior to
the sphere can simultaneously have more than 3 coordinates greater than or
equal to 1

2 , otherwise the distance from the origin would be greater than 1.
The idea is to calculate the volume of the regions interior to the sphere with
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0, 1, 2, and 3 coordinates at least 1
2 , then express the volume of the desired

region as a combination of these quantities. First we will see how this
combination gives the desired region, then show how to compute the
quantities.

Let Sk (k = 0, 1, 2, 3) denote the volume of a region interior to the n
dimensional unit sphere with at least k coordinates greater than or equal to
1
2 . Now Sk

2n−k is the volume of the above region restricted to one orthant

(restricts by 1
2 all of the n coordinates except for the k that are already at

least 1
2 ). There are

(
n
k

)
disjoint regions with exactly k coordinates at least 1

2
for k = 0, 1, 2, 3 (there is such a region for any k coordinates one chooses, how
many ways are there to choose k coordinates out of n?). We claim that the
volume of the region in the first orthant interior to the unit sphere centered at
the origin and with all coordinates at most 1

2 is given by the expression,
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The argument we give to support this claim is essentially just checking that
the desired region is obtained, and all other regions are not counted in the
end. The region with all coordinates less than 1

2 is counted only once in the S0

term. Each of the n regions with exactly one coordinate at least 1
2 are counted

once in the S0 term and are then subtracted in the S1 term. Each of the
(
n
2

)
regions with exactly two coordinates at least 1

2 are counted once in the S0

term, subtracted twice (once for each of the two coordinates) in the S1 term,
then added back in the S2 term. Each of the

(
n
3

)
regions with exactly three

coordinates at least 1
2 is counted once in the S0 term, subtracted three times

in the S1 term, added back three times in the S2 term, then finally subtracted
once more in the S3 term. Since we the only region remaining has all
coordinates less than 1

2 this expression is as desired.

Now how does one compute each Sk? Let Vn(R) denote the volume of the n
dimensional sphere with radius R. The following formula for Vn(R) is widely
known.

Vn(R) =
πn/2

Γ(n
2 + 1)

Rn (3)

From this explicit formula, one can show that as n→∞, Vn(1)→ 0,
confirming that the lower bound found earlier does indeed go to 1. The
following recurrence which we will use extensively is also fairly well known.

Vn(R) =

∫ R

−R
Vn−1(

√
R2 − x2)dx (4)
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In n dimensions for n ≥ 4, we obtain the following equations for the Sk.

S0 = Vn(1)

S1 =

∫ 1

1/2

Vn−1(
√

1− x2)dx

S2 =

∫ √3/2

1/2

∫ √1−x2

1/2

Vn−2(
√

1− x2 − y2)dydx

S3 =

∫ √2/2

1/2

∫ √3/4−x2

1/2

∫ √1−x2−y2

1/2

Vn−3(
√

1− x2 − y2 − z2)dzdydx

These follow from the above recurrences, and the bounds can be found in the
usual manner of multivariable calculus by projecting the region onto the space
spanned by the remaining coordinates.

4 Results

A program written in sage was used to estimate the following values. The
method described above was used, along with a generalization of midpoint
Riemann sums for higher dimensions. These estimations can be made as
accurate as desired, but for the purposes of the following plot an interval size
of 0.003 was used. The quantities for which exact comparisons were present
were all accurate to at least 4 decimal places; therefore, the following plot uses
these estimations rounded to 4 decimal places of accuracy.
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Although no closed, simple formula was discovered, the results are reliable in
their accuracy and align well with the predicted results. From this
information, one can see that the volume of the spheres goes to 0 quickly
enough, that the center-most region approaches the full interior of the cube as
the number of dimensions goes to ∞
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