
Math 117c - Homework 1

Instructor: Andrés Eduardo Caicedo

Due: April 10, 2007 at 2:30 pm.

This Homework is due either at the beginning of lecture, in my mail box
outside 253 Sloan, or in my office by Tuesday April 10 at 2:30 pm. Refer
to the grading policy for additional requirements.

Definition 1. A set S ⊆ N is called simple iff the following conditions hold:

1. S is c.e.

2. The complement S̄ = N \ S is infinite.

3. S̄ does not contain any infinite c.e. set; equivalently, if R is c.e. and infinite,
then R ∩ S 6= ∅.

Definition 2. Let A,B ⊆ N. A many-to-one reduction of A into B is a recursive
function f such that

∀n (n ∈ A ⇐⇒ f(n) ∈ B).

We say that A is many-to-one reducible to B.

1. (a) Show that simple sets are not recursive.

(b) (Post) Show that there is a simple set.

[Hint: We describe a construction of a simple set A. The construction
proceeds by stages. For each s, we denote by A<s the part of A enumerated
prior to stage s, and by As the part enumerated at stage s. The set A is
simply the union of all the As.

Denote by We the eth c.e. set. By means of a universal Turing machine, we
can produce a simultaneous enumeration of all c.e. sets by stages. Denote
by W s

e the part We enumerated at the end of stage s of this process.
Notice that the function that to (e, s) assigns W s

e is recursive. (You may
assume that such a method of enumerating c.e. sets is given.) We proceed
to describe how to build A:

Enumeration process:

• Stage s = 0: A0 = ∅.
• Stage s > 0: Define e = s0, where s0 is the exponent of the highest

power of 2 that divides s. There are two cases:
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– Case 1: A<s ∩W s
e = ∅ and there is some number x > 2e such

that x ∈ W s
e .

Notice that we can recursively determine whether we are in case
1 or not. If we are, let xs be the least such x, and let As =
A<s ∪ {xs}.

– Case 2: Otherwise.
Set As = A<s.

Verify that

(a) A is c.e.

(b) For any e, if We is infinite, then A ∩We 6= ∅. For this, notice that
there must be some x ∈ We such that x > 2e, and that x ∈ W s

e for
all s large enough.

(c) Ā is infinite. For this, show first that for any e there is at most one s
such that s0 = e and at stage s we fall in case 1. Now, each number
in A is placed there because of some stage s in which we fall in case
1. In this case, the number we put in A is in We for e = s0. Suppose
n < 2k, is put into A at stage s and that s0 = e, so n ∈ We. Show
that e ≤ k. Conclude that at least k numbers below 2k are not in A,
and therefore Ā is infinite.]

2. Suppose S is simple, T = Th(T ) is a theory, and T is many-to-one re-
ducible to S.

(a) Show that T is recursively axiomatizable.

(b) Show that T is decidable.
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