
Math 185 — Homework Problems I

Instructor: Andrés E. Caicedo

Due: July 3, 2002

1. Let Ω be an open subset of C. Recall that an exhaustion of Ω is a sequence
(Kn)n∈N such that

a. Each Kn is compact.

b. For each n, Kn ⊆
◦
Kn+1.

c. Ω =
⋃

n Kn.

Let (Kn)n≥0 be an exhaustion of Ω.

1. Let K ⊆ Ω be compact. Then there is an n such that K ⊆ Kn.

2. For f, g ∈ C(Ω) define d(f, g) by

d(f, g) =
∑

n≥0

1
2n

dKn(f, g)
1 + dKn(f, g)

.

Show that d is a well defined metric on C(Ω). It is invariant in the sense
that d(f + h, g + h) = d(f, g) for any f, g, h ∈ C(Ω).

3.
(
C(Ω), d

)
is complete.

4. A sequence (fn)n∈N in C(Ω) converges iff it uniformly converges on every
compact subset of Ω iff for every n, it uniformly converges on Kn.

5. If (Xn)n∈N is another exhaustion of Ω, then the topology defined by the
metric induced by the Xn coincides with the one given by the Kn, that
is, a subset of C(Ω) is open when the metric is defined using (Kn)n≥0 iff
it is open when the metric is defined using (Xn)n≥0.

6. Are both metrics (call them d1 and d2) compatible in the sense that there
are constants C1, C2 > 0 such that for all f, g ∈ C(Ω),

C1d1(f, g) ≤ d2(f, g) ≤ C2d1(f, g) ?
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2. Recall that we have identified C ∪ {∞} with the unit sphere S2 via the
stereographic projection that sends ∞ to the north pole N = (0, 0, 1) and
z = x + iy ∈ C to the unique p(z) ∈ S2 such that the straight line through
N and p(z) passes through (x, y, 0). The chordal distance between z1, z2 ∈ C is

σ(z1, z2) = |p(z1)− p(z2)|,

where |v − w| denotes the usual Euclidean distance between points v and w in
R3. Similarly, for z ∈ C,

σ(z,∞) = |N − p(z)|.

1. Find the coordinates of p(z) in terms of z, z̄ and |z|. Find z in terms of
the coordinates of p(z).

2. What is the image of a circle in S2 under the (inverse of) the stereographic
projection?

3. Find an explicit formula for σ(z1, z2) and for σ(z,∞). Show that if z1, z2 ∈
C∗ = C \ {0}, then σ(z1, z2) = σ

(
1
z1

,
1
z2

)
.

4. Show that the usual topology in C, defined by the Euclidean metric, co-
incides with the topology defined by σ.

3. Identify the Alexandrov compactification C∪ {∞} of C with S2 as explained
in 2. Let Ω ⊂ C be open. The connected components of S2 \ Ω which do not
contain the north pole are compact subsets of C and we call them the holes of
Ω. The component containing ∞ is called the unbounded component.

Say that Ω is simply connected iff it has no holes.
Warning: This definition is non-standard and only coincides with

the standard one in C. It does not coincide with the usual defini-
tion in Rn for n > 2.

1. Show that Ω is simply connected if either:

a. Its boundary has no bounded component, or

b. It is bounded and has a connected boundary.

2. Suppose Ω has exactly one hole C. Then Ω ∪ C is open and simply
connected. If in addition Ω is connected, then so is Ω ∪ C.

3. Suppose that Ω is simply connected. Is Ω connected?
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