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Derivatives: 

Why They Elude Classification 

The search for functions that can be derivatives 
leads to several interesting classes of functions 
and detours around some pathological examples. 

ANDREW M. BRUCKNER 
University of California, Santa Barbara 

1. Introduction 

The purpose of this article is to examine, in the specific case of the class of derivatives, a problem 
that often arises when one studies a class of functions. The problem is that of characterizing the 
functions in the class. The process usually works like this: one defines a class If of functions and then 
proceeds to find out what one can say about the behavior of functions in the class. In the process, one 
seeks characterizations of the class; that is, theorems of the type "f E I if and only if f has 
such-and-such a property". Such characterizations can take a number of different forms. For example, 
after stating what one means by a continuous function, one might prove the theorem that a function f 
is continuous if and only if every set of the form {x: f(x) < a } or {x: f(x) > a } (where a is an arbitrary 
real number), is an open set. Or, at some point in the development of continuous functions, one might 
prove Weierstrass's theorem which states that a function defined on a closed interval [a, b] is 
continuous if and only if it is the uniform limit of a sequence of polynomials defined on [a, b]. The first 
of these theorems gives a characterization in terms of the so-called associated sets {x: f(x) < a } and 
{x: f(x) > a}. The second is an example of a characterization in terms of approximation by simpler 
functions. Theorems of these types are plentiful in the study of function classes. For example, the class 
@1 of functions of Baire type 1 (which we shall encounter frequently in what follows) is defined as the 
class of functions which are (pointwise) limits of continuous functions. In this case the very definition 
involves approximations by a "simpler class" of functions. A characterization of Oh in terms of 
associated sets is not difficult to find [6, 8]. A function f is in Oh if and only if every associated set S is 
of type F, - that is, S= Uk = Sk, with each set Sk being closed. The class @2 can also be 
characterized in terms of a concept involving continuity: The function f is in @2 if and only if its 
restriction to each perfect subset P of its domain has a point of continuity [81 (relative to P). 

We mention in passing - without going into detail - two additional classes of functions for which 
several characterizations are known. The definition of a measurable function involves the associated 
sets. Lusin's Theorem [6, 8] gives a characterization in terms of simpler (continuous) functions. 
Another less-known theorem of Lusin [11] gives a characterization in terms of derivatives. The 
(complex) analytic functions are usually defined in terms of differentiability. Standard characteriza- 
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tions involve the Cauchy-Riemann equations, or conformal maps, or representation in power series, 
or integrals (Cauchy's Theorem). 

There have been several attempts at characterizing the class of derivatives. Some of these attempts 
have not been fully successful, but have succeeded in shedding considerable light on the behavior of 
derivatives. In the sequel, we shall discuss some of these attempts, point out some of the difficulties, 
and, in the process, observe some of the strange behavior possible of a derivative. 

2. The class of derivatives 

Throughout the remainder of this article, we shall be concerned with real functions of a real 
variable. Such a function f is called a derivative provided there exists a function F such that 
F'(x) = f(x) for all x. In the present section, we shall take a look at the behavior of derivatives. We 
shall see that derivatives can be much more badly behaved than the derivatives one generally meets in 
courses of elementary (or even advanced) calculus. On the other hand, we shall also see that a 
derivative must possess some sort of structure which prevents it from being "too pathological". Then, 
in Section 3 below, we will see how one might try to exploit this "good" behavior of derivatives in 
order to obtain a characterization of the class of derivatives. 

We begin by noting that the derivatives one encounters in elementary calculus are generally very 
well behaved. In fact, such a derivative is usually continuous except for an occasional point where it is 
not defined. Then, in advanced calculus, one finds that it is possible for a derivative to be defined at a 
point without being continuous there. For example, the function F(x) = x2 sin (1/x) (F(O) = 0) is 
defined for all real x. If x7; 0, the derivative is obtained by standard methods of elementary calculus. 
For x = 0, one finds F'(0) = 0, either directly from the definition of derivative as F'(x) = 
limhO D(F(x + h) - F(x))/h, or by observing that the graph of F is trapped between the parabolas 
y = x2 and y = - x2, each of which is tangent to the x-axis at the origin. But one also can readily 
verify that there are points arbitrarily close to 0 where F' is near 1, while F'(O) = 0. It follows that F' 
cannot be continuous at x = 0. On the other hand, F' is continuous at every point xi, 0, so even this 
example is not all that pathological. 

Just how badly discontinuous can a derivative be? To fully answer this question is beyond the 
scope of this paper (see [3] for a complete answer). But we can provide an example which shows that a 
derivative can be very discontinuous indeed. Consider for a moment the function F(x) = (x - r)113, r a 
real number. This function has a finite derivative for all xi r, and F'(r) = m. We shall spread this 
behavior at x = r over a set containing all the rationals. Towards this end, let r1, r2, r3,... be an 
enumeration of the rational numbers in [0, 1] and define a function F by F(x) = Yk=, (x - rk)/lO110k 

The series converges uniformly to F on [0, 1] (Weierstrass M-test) from which it follows that F is 
continuous. Furthermore, each term of the series is strictly increasing, so the same is true of F. One 
can verify (although the computations are tedious [10]) that F ' is finite and positive at each point for 
which the sum of the term-by-term differentiated series converges (a dense set of points) and infinite at 
all other points. In particular F'(rk) = oo for all k = 1, 2,. . . so this latter set is also dense. Now let 
G(x) = F`(x). Then G'(x) is a non-negative number for each x, and is 0 at all points of the form 
F(rk), k = 1, 2,.... Since F is continuous, it maps the interval [0, 1] into some interval [a, b], and it 
maps the dense set of rationals into a dense subset of [a, b]. Thus G is a strictly increasing 
differentiable function whose derivative is zero on a dense set of points, and positive on a different 
dense set of points. But at any point x for which G'(x) >0, G' must be discontinuous because 
arbitrarily close to x there are points where G' is zero. Thus, G' must be discontinuous on the dense 
set {F(x): F'(x)>0}. 

Actually, much worse behavior is possible for a derivative, but we shall not go into that now. Let us 
instead turn to the good behavior that every derivative enjoys. First we note that if f is the derivative 
of F, then the definition of the derivative gurarantees that for each x, f(x) = 
limh-1o [F(x + h)- F(x)]/h. In particular, by letting h take on the specific values 1/n, n = 1,2,... we 
see that f(x) = limnp.*o n -[F(x + 1/n)- F(x)]. If we define functions fn by fn(x) = 
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n-1[F(x + 1/n)- F(x)] we see f(x) = limn,f,(x). Now each of the functions fn is continuous, so f is 
the limit of a sequence of continuous functions. This puts f in the class XI defined in the Introduction. 
The second characterization for A given there guarantees that f has a point of continuity in every 
closed interval. Thus the set of points of continuity of a derivative must at the very least be a dense set. 
(In the previous example, this set is contained in the set {x: G'(x) = 0}, a dense set.) 

Another property shared by all derivatives is the so-called intermediate value property, also called 
the Darboux property in honor of G. Darboux who studied it about one hundred years ago [5]. This 
property can be stated as follows: if f(x,) = yi, f(x2) = y2, and y is between Yi and y2, then there exists 
an x between xl and x2 such that f(x)= y. In other words, on each interval, f takes on all values 
between those it takes at the extremities of that interval. One can say all this more easily by saying f 
maps connected sets onto connected sets. 

Now the Darboux property does not, by itself, guarantee good behavior. For example, consider 
the function defined on [0, 1] as follows. For each a E [0, 1] write a in its binary form: a = a,a2a3. .. 
where ai = 0 or ai = 1 for each i. To be specific, when there are two representations for a, choose that 
one which terminates in a sequence of ones. Now let f(a)= limsup(a,+ a2 + ... + a)/i. It is not 
difficult to verify that f takes on every value between 0 and 1 on every subinterval of [0, 11. Thus it 
must have the Darboux property. Of course, the function f is everywhere discontinuous so it cannot 
be a derivative. In fact, it cannot be of Baire type 1 (although one can show it is of Baire type 2; that is, 
it is,a limit of a sequence of functions of Baire type 1). 

This example shows that Darboux functions can be very pathological. But it turns out that if a 
function has the Darboux property and is also of Baire type 1, it must possess a reasonable amount of 
good behavior. And every derivative is, as we have seen, such a function. We shall consider the 
question of comparing this class with the class of derivatives in the next section. 

3. Characterization of derivatives 

Derivatives, as we have seen, can be much more badly behaved, in general, than those one 
encounters in calculus courses. Yet derivatives always are of Baire type 1 and always possess the 
Darboux property. In the sequel we shall consider several attempts at characterizing derivatives, each 
of which, in some sense, takes this observation as its starting point. Because of this fact, we begin with 
a brief comparison of the class A of derivatives and the class @23, of Darboux functions of Baire type 
1. 

We first observe that the two classes under consideration have, as classes of functions, very 
different algebraic structures. For example, the sum of two derivatives is again a derivative. (If f = F' 
and g = G' then f + g = (F + G)'.) But the sum of two functions in '),, need not be in that class. 
Consider for example, the functions f and g defined on [0, 1] by f(x) = sin(1/x) (f(0) = 1) and 
g(x ) = - sin (1/x ) (g(0) = 0). Each of these functions is continuous for all x except x = 0, so each is of 
Baire type 1 (apply the second characterization of that class in the Introduction). Each of these 
functions clearly has the Darboux property. But the sum f + g vanishes except at x = 0, and 
(f + g)(0) = 1. Thus f + g does not have the Darboux property and is therefore not in . (It also 
follows that at least one of the functions f and g must fail to be a derivative, because the sum of two 
derivatives is again a derivative and therefore has the Darboux property.) 

On the other hand, the class @)h is closed under outside compositions with continuous functions. 
That is, iff is in .1M and h is continuous, then h of is in @X). This is true because such a composition 
preserves the Darboux property (easy to verify) as well as the Baire 1 property. (To check the latter 
assertion we can use either the first or the second characterization we gave for Baire 1 functions in the 
Introduction.) Yet, the class A is not closed under such a composition. In fact, if h is continuous, then 
h of is a derivative for every derivative f if and only if h is linear, i.e., h(x) = ax + b for some real a, b. 
This result is due to Choquet [41 but its proof is beyond the scope of this article. As an illustration, we 
can verify for the particular function h (x) = X2 that h of is not a derivative for every dervative f. That 
is, the square of a derivative need not be a derivative. In fact, suppose both f and ft2 are derivatives on 
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[0, 1]; then f2, being non-negative, is the derivative of an increasing function F. But that makes f2 
integrable in the Lebesgue senge, [6, 81 and that guarantees that f is also Lebesgue integrable. Thus, 
we need only take a derivative which is not Lebesgue integrable to furnish an example of a derivative 
whose square is not a derivative. The derivative of the function F defined on [0, 11 by F(x)= 
x 2cos (1x2) (F(O)=0) is such a derivative [8]. 

Other differences between the two classes can be found in [3]. And a few further differences will 
develop in our discussion below. But there is one result, due to Maximoff [7], which shows that there is 
a close tie between the two classes. This theorem states that every function in @20I can be transformed 
into a derivative by a suitable change of variables. More precisely, if f is in 2@A on an interval [a, b], 
there exists a homeomorphism of [a, b] into itself such that the function f o h is a derivative. Thus, 
while the two classes are in some ways quite different, they are in the sense above, topologically 
equivalent. 

With this background we turn now to the question of characterizing the class of derivatives A. Let 
us see what happens if we try to obtain such a characterization in terms of associated sets. First we 
should say precisely what we mean by such a characterization. We seek a family of sets Y with the 
property that a function is a derivative if and only if all of the associated sets (i.e., the sets 
{x: f(x) < a } or {x: f(x)> a 1) are in 9. (Recall that for the class of continuous functions Y consists of 
the open sets, while for the class Xl, 9Y consists of the sets of type FL). Where do we start on our 
attempt to find such a family? A clue can be found in two valid inclusions: firstly, A C 24I as we 
observed earlier; secondly, if W denotes the class of continuous functions, then W C A. To see this we 
need only recall that part of the Fundamental Theorem of Calculus which asserts that a continuous 
function is the derivative of its integral. Thus we have the inclusions W C A C 2A. Now each of the 
classes If and 2A can be characterized in terms of associated sets: a function is in W if and only if 
each associated set is open, while a function is in 2A if and only if each associated set E is of type F, 
and has the property that each of its points is a bilateral point of accumulation of E (i.e., if x E E then 
there are sequences {x4 and {yn} of points in E such that x, T x and yn I x) [12]. 

Very loosely stated, the distinction between the two types of associated sets is this: near each point 
x of an associated set E of a function in W is an entire open interval contained in E and containing x, 
whereas near each point x of an associated set of a function in !2A there are infinitely many points of 
E on each side of x. Thus, membership in 16 requires considerably more "fatness" of each associated 
set E near each member of E than does membership in 2A. We might ask whether we can find an 
"intermediate notion of fatness" that would correspond to membership in the intermediate class A. 
This approach was used by Zahorski, who in a very deep and penetrating article [12] defined several 
classes of functions Mn D Ml D ... D Ms. Each of these classes was defined in terms of associated 
sets. As the classes became smaller, the associated sets became "fatter" near each of their members. 
For M,, "fatness" was defined exactly as above for the class 2A, For M1, the term "bilateral point of 
accumulation" was replaced with the term "bilateral point of condensation" (i.e., replace "infinite" by 
"of cardinality of the continuum" in the definition of point of accumulation). This class also turns out 
to be 2A. For M2 the operating term was "positive measure". The conditions M3 and M4 were rather 
complicated and the operating term for Ms was "point of density". A description of his many results 
would take us too far afield at this point. Suffice it to say that he showed if one restricted one's 
attention to bounded functions, the class of derivatives A was trapped between the classes M4 and 
Ms: Ms C A C M4 for bounded functions. Thus he sought a notion of "fatness" intermediate to the 
corresponding notions for M4 and M. He asked for a class M4.s, defined in terms of associated sets 
which would exactly give the class of bounded derivatives. 

He was unsuccessful! In fact, he showed, by a clever argument, that no such class could exist. That 
is, the class of bounded derivatives could not possibly be characterized in terms of associated sets. But 
he did not settle the case of all derivatives (bounded or not), which he did show was contained in the 
class M. Perhaps it is possible for this class, A, to admit of such a characterization. Let us see. 

Let us try to attack this problem by looking at it in a somewhat broader context. Suppose some 
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family i of functions can be characterized in terms of associated sets. That means that there exists a 
family 9Y of sets such that f E i if and only if each associated set of f is in 9Y. Now let a be any real 
number, let f E F and let h be any continuous strictly increasing function mapping tha real line onto 
itself. Then the set S {x: (h of)(x) < a } = {x: f(x) < h -(a)}. Thus S E Y since f E Z. The same is 
true for any set of the form {x: (h o f)(x) > a }. Therefore the function h of must also be in i. In other 
words, the class must be closed under composition on the outside by continuous strictly increasing 
functions if it has any chance at all of being characterizable in terms of associated sets. But we saw at 
the beginning of this section that this was not the case with the class A. Thus A cannot be characterized 
in this way. The same is true of many other classes of functions [2]. 

The fact that this attempt at characterizing derivatives failed does not in any way suggest that the 
attempt was not worthwhile. Zahorski was able to obtain many deep and far reaching results. Even 
without making a careful count, one can safely assert that literally hundreds of research investigations 
by a number of different authors have been directly or indirectly influenced by the results Zahorski did 
obtain and the questions he raised in his article [12]. 

Let us turn to a different approach towards a characterization of derivatives. This approach takes 
its cue from the analogous problem of characterizing (Lebesgue) integrals. A student enrolled in a 
course which includes an introduction to the Lebesgue integral soon learns that a function F is an 
integral if and only if it is absolutely continuous. The definition of absolute continuity is generally 
given in terms of 8's and E's: the function F is absolutely continuous on [a, b] provided for every E > 0 
there exists 8 > 0 such that In l I F(bk)- F(ak)l < Ewhenever [a1, b1], [a2, b2], [an, bn] is a finite 
sequence of non-overlapping intervals contained in [a, b] for which Ik= Ibk- ak I < 8. Thus, the 
definition of absolute continuity differs from the definition of continuity (or uniform continuity) in 
only one way, a very important way, however. Instead of requiring only that F "grow" very little on 
small intervals, it requires also that F grow very little on small sets made up of a finite number of 
non-overlapping intervals whose union is small. These intervals could, for example, be spread out over 
the interval [a, b] in any manner one wishes, as long as they do not overlap. 

One then proves the characterization of integrals that we mentioned: a function F is an integral, 
that is, there exists a function f defined on [a, b] such that F(x) = fxf(t)dt for all x in [a, b], if and 
only if F is absolutely continuous. Thus, we have a characterization of the class of integrals in terms of 
a concept involving 8's and E'S. 

But the absolutely continuous functions, and therefore the integrals, can be characterized in 
another way that suggests an approach to characterizing derivatives. Two properties of absolutely 
continuous functions are readily obtained: each absolutely continuous function is both continuous and 
of bounded variation. But there are continuous functions of bounded variation which are not 
absolutely continuous. The Cantor function [6, 8] is such a function. This function is continuous and 
monotonically increasing on [0, 1]. It is constant on each interval contiguous to the Cantor set. Thus it 
maps all points of [0, 1] which are not in the Cantor set onto a countable set. Since it maps [0, 1] onto 
[0, 1], it maps the zero measure Cantor set onto a set of measure one (actually onto all of [0, 1]). It is 
easy to verify from the definition of absolute continuity, that this cannot happen for an absolutely 
continuous function. Such a function must map zero measure sets onto zero measure sets. And it turns 
out that it is exactly this property that picks out the absolutely continuous functions from among the 
larger class of continuous functions of bounded variation [8]. 

We thus have this situation. There is the class J of integrals (or equivalently, the class of absolutely 
continuous functions), and also the class WY'V of functions which are continuous and of bounded 
variation. The inclusion J C 16Y is proper. If we ask for another condition or restriction on the class 
TY which will give us exactly the class J we arrive at the class Ar of functions which map all zero 
measure sets onto zero measure sets. Thus J = I'7eY. We have obtained an additional condition, 
which in the presence of continuity and bounded variation, gives us absolute continuity. 

An analogous situation arises when we consider the class A of derivatives. As we saw before, each 
derivative has the Darboux property and is of Baire type 1: A C 2gEh. The inclusion is proper. We 
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seek another restriction on the class 2g0h which will give us exactly the class A. Neugebauer [9] used 
the following approach. He first noted that the class 2g0h admitted a characterization which is 
somewhat different in nature from the kinds of characterizations we have already seen. Let {I} denote 
the class of all closed intervals contained in [0, 1]. We use the notation I-- x to mean, roughly, that I 
is an interval contracting to x. More precisely, the notation means that each interval of a sequence (or 
net) of intervals contains x and the lengths of the intervals approach 0. We denote the length of an 
interval I by I II. Neugebauer proved that a function f is in -9lh if and only if to each closed interval I 
there corresponds a point x, in the interior of I such that f(x,) converges to f(x) whenever I -* x: In 
symbols 

(1) f(x,)--f(x) whenever I- x. 

We seek an additional restriction which together with (1) will give us exactly the class A. 
Suppose now that F is differentiable on [0, 1] and let f = F'. The Mean Value Theorem guarantees 

that to each ifiterval [a, b] there corresponds a point x0 E (a, b) such that 
(F(b) - F(a)I(b - a) = F'(xo) = f(xo). Thus, with each interval I = [a, b] we can associate a point, 
which we shall now denote by x,, such that F(b) - F(a) = f(x,) I II . It is easy to verify that if I and J 
are two abutting intervals (say I = [a, b] and J = [b, c]), then 

(2) f (x,UJ) = f (XI) I I I + f (Xi) I J 

(This somewhat strange looking equality simply states that the interval function f(x1) I II is additive.) 
We can also check readily that f also meets condition (1) above. Conversely, any function meeting the 
conditions (1) and (2) must be a derivative. Stated more precisely, this means that if we can associate 
with each interval I a point x, in the interior of I such that conditions (1) and (2) are met, then there is 
a differentiable function F such that F' = f. To see this, we define F as follows: we let F(O) = 0, and for 
0 < x -' 1 we let F(x) = f(x,) I I I where I = [0, x]. It follows from (2) that for I = [a, bl, F(b) - F(a) = 
f(x1)(b - a). And it follows from (1) that if I-- x, (F(b) - F(a))I(b - a)-- f(x). Thus F'(x) = f(x), 
and f is in A. 

What this gives us is a characterization of derivatives in terms of a condition (condition (2)) which 
picks out the functions in A from among the functions in _9h in much the same manner as the 
condition X picked out the integrals from among the continuous functions of bounded variation. 

As we stated earlier, this characterization is somewhat different in nature from the other 
characterizations we encountered. And it does not seem to supply a very practical test (but that often 
happens). To apply the test to a specific function we would have to determine whether one can pick 
one point xl out of each inte'rval I, such that conditions (1) and (2) are met, and the proof does not 
suggest any way of doing this. Nonetheless, it gives us the kind of characterization we sought. And we 
still are free to look for other such characterizations. 

Another approach to the problem of characterizing derivatives was used by I. Maximoff in a series 
of articles. (A unification of his work, along with further results can be found in Agronsky [1].) 
Unfortunately, this approach is extremely complicated, so we shall restrict ourselves to a very brief 
outline. 

Roughly speaking, here is the approach. Suppose we say the set A is strongly contained in the set 
B provided every point of A is a bilateral condensation point of B. We can then write each associated 
set of a function f in 2glh as a union of an expanding sequence of perfect sets, each strongly contained 
in its successor. This can be done in such a way as to guarantee also that if ,B > a then each perfect set 
associated with the set {x: f(x) < a} is also strongly contained in the corresponding perfect set 
associated with {x: f(x) < g3}. (The same is true for the sets where f > a and f > ,3.) It turns out that 
the converse is true: if there exists such a family of perfect sets, f must be in 2!21. Now, we can vary 
our definition of strong containment. The one we just gave corresponds to functions in !gOl 
(equivalently Zahorski's class M1). For example, if we require more of our notion of strong 
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containment, namely that each point of A be a point of density of B, we arrive at Zahorski's class M5 
(the so-called approximately continuous functions). Thus we can ask if there exists a suitable notion of 
strong containment which gives rise exactly to the class of derivatives. Agronsky [1] was able to obtain 
strong containment properties which corresponded to each of the Zahorski's classes AM, M2, M3, M4 
and M,. But none for the class of derivatives. It is not clear whether such a characterization is possible 
for the class A. It might be impossible, as it was impossible to characterize the class A in terms of 
associated sets. The question is one worth pursuing. 

4. Conclusion 

In the preceding sections, we have tried to look at some of the approaches used in trying to find 
characterizations of the class of derivatives. In the process, we have tried to give indications of some of 
the odd behavior possible of derivatives: badly discontinuous derivatives, derivatives whose squares 
are not derivatives and the like. But we also saw that all derivatives shared certain regularizing 
properties: each derivative is of Baire type 1 and has the Darboux property. There is much more 
known about derivatives, some good and some bad. (A fuller study of the behavior of derivatives and 
related classes of functions can be found in [3].) Many new results giving further information appear in 
the mathematical journals each year. The problem of characterizing certain types of generalized 
derivatives also appears to be unsolved (and difficult!). For example, we do not know of any 
characterizations for any of the following types of functions: Dini derivatives, approximate deriva- 
tives, Peano derivatives and symmetric derivatives. Each of these classes is important in certain parts 
of mathematics, and none has enjoyed a characterization. And one can ask the same questions about 
various types of derivatives of functions of several variables. These problems all appear to be difficult 
and may escape solution for a long time. 
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I never could understand Principia 

Symbolism is useful because it makes things difficult. Now in the beginning 
everything is self-evident, and it is hard to see whether one self-evident proposition 
follows from another or not. Obviousness is always the enemy to correctness. 
Hence we must invent a new and difficult symbolism in which nothing is obvious. 

- BERTRAND RUSSELL 
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