
Advanced linear algebra – Homework 2

Andrés E. Caicedo

March 3, 2014

This set is due Tuesday, March 18, at the beginning of lecture. Please include all relevant
details: When I ask to show, to verify, etc, a statement, what I am requesting is a proof,
not an example. If I ask you to find an example of an object with some properties, part
of your task is to provide a proof that the example you chose indeed has the required
properties. Please explain your computations. Include references and acknowledgements as
appropriate.
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Let K be a field, and consider Kn with the standard dot product •. Given a matrix A, let
CS(A) and NS(A) be its column space and its null space, respectively, and let rk(A) be the
dimension of the column space of A.

1. Let S be a set of vectors, and let v be a vector. Show that v ∈ span(S) iff {v}⊥ ⊇ S⊥,
as follows:

(a) First, show that if v ∈ span(S), then {v}⊥ ⊇ S⊥.

(b) Now, to verify the converse, first explain why S contains a basis v1, . . . , vk for
span(S).

(c) Consider the matrixA whose rows are the vectors vT
1 , . . . , v

T
k . Check that rk(A) =

k, and that NS(A) = S⊥.

(d) Suppose that v /∈ span(S). Consider the matrix A′ obtained by adding vT to A
as an extra row. Explain why NS(A′) ( NS(A), and conclude that there exists
a vector w orthogonal to S but not to v, so that S⊥ 6⊆ {v}⊥.

2. Now specialize to the case where K = F2. Let A be a symmetric n × n matrix with
entries in F2. Let d1, . . . , dn be the entries of A along its main diagonal, and let

d =


d1

d2
...
dn

. Show that d ∈ CS(A), as follows:
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(a) Explain why it is enough to check that NS(A) ⊆ {d}⊥.

(b) Let x be a vector. Use that A is symmetric and its entries are from F2 to verify
that

xTAx = d • x.

(c) Conclude.

3. Problem 10197 (An all-ones problem) in the American Mathematical Monthly, pro-
posed by Uri Peled, is the following:

Light bulbs L1, L2, . . . , Ln are controlled by switches S1, . . . , Sn. For each
i, switch Si changes the on/off status of light Li and possibly the status of
some other lights. For all i and j, assume that if Si changes the status of
light Lj , then Sj changes the status of light Li. Initially all the lights are
off. Prove that it is possible to operate the switches in such a way that all
the lights are on.

Complete the details from the following solution, by O.P. Lossers [Los93]:

(a) Let A be the n × n matrix with entries in F2 whose columns code the effect of
the switches. More precisely, the i-th column of A has a 1 in its j-th entry iff
switch Si changes the status of light Lj .

Explain why it suffices to prove that the vector


1
1
...
1

 is in the column space of

A.

(b) Prove that this is indeed the case.

This result seems to be due Tibor Gallai (unpublished), around the late 70s. It was
rediscovered in the late 80s in the context of cellular automata. By the way, O.P.
Lossers is a notorious mathematical pseudonym. See

http://cameroncounts.wordpress.com/2013/07/24/partitions-into-petersens/#comment-11951

and http://www.win.tue.nl/∼wsinwaan/ for some details.

The game Lights out, by Tiger Toys, is based on this result.
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Consider the vector space Kn with an inner product β. A set S of vectors in Kn is orthonor-
mal iff for all v, w ∈ S we have

β(v, w) =
{

0 if v 6= w,
1 if v = w.

Suppose that |S| = n, and let A be the matrix whose columns are the vectors in S.
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1. Suppose first that β is the standard dot product •. Show that A is invertible, and
A−1 = AT . Matrices with this property are called orthogonal.

2. A permutation matrix is an n × n matrix all of whose entries are 0s and 1s, with
exactly one 1 in each row and each column. Explain why these matrices are called

that way. Show that all permutation matrices are orthogonal, and that


1
1
...
1

 is an

eigenvector of all of them.

3. Suppose that K = R. A 2 × 2 matrix is a rotation matrix through an angle θ about

the origin iff it has the form
(

cos θ − sin θ
sin θ cos θ

)
. Explain why these matrices are called

that way. Verify that there are all orthogonal, and that any 2× 2 orthogonal matrix
is either a rotation matrix, or a reflection about a line accross the origin.

4. Let v ∈ (F2)n be a non-zero vector. With the standard dot product •, show that v is
orthogonal to exactly half of the vectors in (F2)n.

5. Now suppose again K is arbitrary, and β is an inner product induced by a symmetric
matrix B (B does not need to be the identity, that is, β does not need to be the
standard dot product). Again, suppose A is a square matrix whose columns are
orthonormal. Show that A is invertible, and find A−1.
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The goal of this exercise is to prove the Ahlswede-El Gamal-Pan theorem from 1984. The
result states the following:

Suppose that F and G are families of subsets of an n-element set X such that
either all intersections A∩B have even size for all A ∈ F and B ∈ G, or all have
odd size. Under this assumption, we have that |F||G| ≤ 2n.

The following proof is due to Delsarte and Piret [DP85].

Work in (F2)n with its standard dot product •, identifying each subset of X with its cor-
responding incidence vector. Let F and G be the sets of incidence vectors of F and G,
respectively. Fix a vector v0 ∈ G, and set G0 = {v + v0 | v ∈ G}. Let U = span(F ) and
V = span(G0).

1. Show that |F||G| = |F ||G| = |F ||G0| ≤ |U ||V | ≤ 2dim(U)+dim(V ).

2. Show that V ⊂ U⊥.

3. Conclude.
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4. In fact, if all the intersections A∩B have odd size, then we can do better: now |F||G| ≤
2n−1. To see this, with notation as before, fix u0 ∈ F , set F0 = {u+ u0 | u ∈ F}, and
let F ′ = F ∪ F0. Show that F ∩ F0 = ∅. Now proceed as in the argument above.

For additional applications of linear algebra to combinatorial problems, see [Juk11, Part
III].
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