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Nobody said that games have to be fun.

Tom McCarthy. “Men in space” (2007)
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Thanks to the NSF for partial support through grant
DMS-0801189.

My work in set theory has centered on three topics:

Definable well-orderings of the reals.

Forcing axioms.

Determinacy.

During my time in Boise State I have worked on all three areas and
some others. In the interest of time, this talk is mostly about the
third topic, the main focus of my current work.
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Set theory and large cardinals

The system of set theory I work with is called ZFC, for Ernst
Zermelo and Abraham Fraenkel (the C stands for the Axiom of
Choice). It provides us with a clear picture of the universe of sets:

There is a backbone, consisting of the ordinals.

Sets appear by iterating the power set operation, starting from
the empty set.

It is also convenient to consider ZF, the system that results when
the axiom of choice is excluded.
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Building on a landmark construction due to Kurt Gödel, we know
that for any set X there is a smallest subcollection of the universe
of sets that has X as an element, contains all the ordinals, and
satisfies the axioms of ZF.

This structure is denoted by L(X).
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In addition to the basic system ZF, modern set theory makes
essential use of large cardinals, and some of the results I will
mention have the additional hypothesis that there are large
cardinals in the universe.

Cardinals are just the sizes of sets. Central to the very existence of
set theory is that we can make sense of different sizes of infinity.

Large cardinals are sizes of sets so large that their existence cannot
be proved in ZFC.

They are useful because they provide us with strong reflection
principles. These principles make up for the fact that the universe
of sets has no non-trivial automorphisms.
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Determinacy

In set theory, we study “discrete” games (infinite length perfect
information two-player games), formalized as follows: We fix a set
X, and a subset A ⊆ XN. When topology is relevant, we assume
X is discrete and XN has the product topology.

Two players, I and II, alternate playing elements of X for infinitely
many innings, with I playing first.

I x0 x2 . . .

II x1 x3

At the end, this process produces a sequence
~x = 〈x0, x1, . . . 〉 ∈XN. I wins if the sequence is in A, and
otherwise II wins. We call this game

G

X(A).

Many (combinatorial) games played in practice can be formalized
within this framework. Also, many mathematical properties can be
described game theoretically.
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Here is a classical example. A subset of a metric space has the
perfect set property iff it is either countable, or else it contains a
perfect subset. Perfect sets have the same size as the reals and, in
fact, contain a copy of the Cantor middle-third set or, equivalently,
a copy of C = {0, 1}N.

One way to investigate problems such as the continuum hypothesis
is by analyzing whether “naturally occurring” subsets of C have the
perfect set property.
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Given a set A ⊆ C consider the following game G(A):

I s0 s2 . . .

II i1 i3

Here, each sn played by I is a finite sequence of 0s and 1s, and
each in played by II is 0 or 1. At the end, an element of C is
produced, by concatenating the outcomes of each inning:

x = s0
_(i1)_s2_(i3)_ . . .

Player I wins iff x ∈A.

This game can be rephrased as a game

G

N(A∗) for some A∗.
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A strategy for player I is a function that tells I what to play at each
inning based on player II’s moves so far. Similarly we can define a
strategy for II. A strategy is winning if any game played following
the strategy is a win for the corresponding player.

Theorem (Morton Davis)

Let A ⊆ C.

1 A is countable iff II has a winning strategy in G(A).

2 A has a perfect subset iff I has a winning strategy in G(A).
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This result can be adapted to apply to R rather than C. There are
similar results characterizing in terms of games other regularity
properties of sets of reals, for example, whether they are Lebesgue
measurable, or have the property of Baire. This takes advantage of
the fact that R \Q is homeomorphic to the Baire space NN.

A game is determined if one of the players has a winning strategy.

The above suggests that it is worthwhile to investigate for which
classes Γ of subsets of the Baire space we can prove the
determinacy of all games

G

N(X) for X ∈ Γ. After all, the
determinacy of these classes would immediately imply that sets in
Γ have the regularity properties.

Caicedo Sets and games



Zermelo proved in 1913 that chess is determined in the sense that
one of the players has a “non-losing” strategy. The argument is
unfortunately non-constructive, so it does not reveal which player
has a (theoretical) advantage.

Chess is actually a finite game: It can be formalized as a game
G

X(A) for some finite X, and ends after only finitely many moves.

Zermelo’s argument actually shows that any finite game is
determined.
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David Gale and Frank M. Stewart noticed that Zermelo’s argument
actually applies to some infinite games as well.

A game

G

is open for player I if, whenever I wins, this had already
been decided after finitely many moves.

Theorem (Gale-Stewart, 1953)

If A is an open subset of XN, then

G

X(A) is determined.

In this generality, the result is actually equivalent to the axiom of
choice. When X = N, choice is not needed.
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A careful inductive argument generalized this as follows:

Theorem (Donald Martin, 1975)

If A is a Borel subset of XN, then

G

X(A) is determined.

For X = N, the theory of large cardinals allows us to extend this
result much further (and the use of large cardinals is essential
here):

Theorem (Martin-John Steel, Hugh Woodin, 1985)

If A ∈ L(R), then

G

N(A) is determined.

The class L(R) is a model of set theory without choice; it contains
every set that is reasonably definable from reals. Certainly, every
Borel set, and every set that ever appears in Analysis, gives us a
determined game.
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On the other hand, we cannot hope that every game is determined.
Using the axiom of choice in an essential way, one can prove:

Fact

There is a set A ⊆ NN with

G

N(A) undetermined.

The axiom of choice is equivalent to the statement that every set
can be well-ordered. Using a well-ordering of the reals, one can
easily construct an undetermined set.

This shows that it is not possible to exhibit a well-ordering of the
reals explicitly, since no such well-ordering can belong to L(R).
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The Axiom of determinacy, suggested by Jan Mycielski and Hugo
Steinhaus in 1962, states that all games

G

N(A) are determined.
This axiom is inconsistent with choice. The result of Martin-Steel
and Woodin mentioned before indicates that it is consistent with
ZF.

Since we accept choice, determinacy is just false. However, the
models of determinacy have a very rich structure that “carries over”
to the universe of sets, where choice holds.

For example: Determinacy implies that all sets of reals have the
perfect set property. Since determinacy holds in L(R), it follows
that any set of reals that appears in analysis also has this property.

Similarly, determinacy implies that every set of reals is Lebesgue
measurable and has the property of Baire.
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Natural models of determinacy

This highlights one of the advantages of studying determinacy: It
provides us with a unifying framework to explain why “natural” sets
of reals are well-behaved, namely, because they belong to a natural
model of determinacy.

These are models of the form L(X) such that:

R ⊂ L(X).

X is the power set of R from the point of view of L(X).

L(X) is a model of ZF and the axiom of determinacy.

Caicedo Sets and games



Actually, we work with a technical strengthening of determinacy.

This strengthening, known as AD+ and due to Woodin, gives us a
nice structure theory for sets of reals.

In all known models of determinacy, AD+ also holds.
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Most work in determinacy has centered on understanding the sets
of reals in natural models of determinacy, and little was known
about more general sets. My recent research aims to repair this
gap.

For example, now we know that not only is R not well-orderable in
these models but, in fact, this is the only reason why the axiom of
choice fails in them:

Theorem (C.-Richard Ketchersid)

In a natural model of determinacy, if X is an arbitrary set, then
either X is well-orderable, or else there is an injection of the reals
into X.

Caicedo Sets and games



Modern work in descriptive set theory centers on understanding
classification problems in mathematics by describing them in terms
of equivalence relations on R.

This work has identified a specific equivalence relation E0 as
essential for this understanding. This is Giuseppe Vitali’s
equivalence relation:

Definition

Two reals x and y are Vitali equivalent, in symbols x E0 y, iff
x− y ∈Q.
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Just as containing a copy of the reals was identified as the only
obstacle for a set to be well-orderable in a natural model of
determinacy, we now understand precisely the role of the relation
E0 in these models.

Theorem (C.-Ketchersid)

In a natural model of determinacy, if X is an arbitrary set, then
either X is linearly orderable, or else there is an injection of R/E0

into X.
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The two results above can be seen as wide generalizations of
dichotomies studied in descriptive set theory. Recent work of
Benjamin Miller has shown that most of these dichotomies can be
obtained as soft consequences of a collection of closely related
dichotomies about graphs, the G0-dichotomies.

The definition of G0 and the original G0-dichotomy are due to
Alexander Kechris, Slawomir Solecki, and Stevo Todorčević.
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Begin by fixing a sequence 〈sn | n ∈ N〉 with the following
properties:

Each sn is a finite sequence of 0s and 1s.

sn has length n.

Given any finite sequence s of 0s and 1s, there is an n such
that s is an initial segment of sn.

Define the graph G0 on C by:

x G0 y ⇐⇒
∃z ∈ C∃n (x = sn

_(0)_z & y = sn
_(1)_z).
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We have established a general version of the G0-dichotomies in
natural models of determinacy. To state a prototypical result, we
need to recall the notion of coloring of a graph:

Definition

A coloring of a graph G is a function f such that whenever x G y
then f(x) 6= f(y).

Theorem (C.-Ketchersid)

In natural models of determinacy, if X is a set and G is a graph on
X, then exactly one of the following holds:

1 There is a coloring of G using ordinals as colors.

2 There is a map π : C → X that is a homomorphism of G0 into
G.
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From Miller’s work, we therefore have as a consequence that in
natural models of determinacy we have general versions of most
classical dichotomy results.

As an interesting corollary of these dichotomies, we can prove:

Corollary (C.-Ketchersid)

AD+ implies that |R/E0| is an immediate successor of |R|.

This is curious in at least two ways. First, unlike in the presence of
choice, we have that |R| has several immediate successors (we
have identified several more, but are far from a full classification).

Second, we have that a quotient of a set can be strictly larger than
the set; again, this is impossible in the presence of choice.
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Another corollary is a combinatorial perfect set theorem. The
following notion is due to Joel Spencer: A set punctures a family
of sets A iff its intersection with each set in A is non-empty.

Theorem (C.-John Clemens-Clinton Conley-Miller)

In natural models of determinacy, if X is a set, E is an equivalence
relation on X, and A is a collection of countable subsets of X/E,
then exactly one of the following holds:

1 There is a well-orderable subset of X puncturing A.

2 There is a pairwise disjoint subset of A of the same size as
the reals.
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Reflection principles

At the beginning of the talk I mentioned that large cardinals
provide us with reflection principles.

There are two standard ways of extending the axioms of ZFC. The
first one is by considering large cardinal axioms. The second is by
considering forcing axioms.

Forcing is a technique that allows us to extend a given model of
set theory to a larger model of set theory in a way that we can
control the properties of the extension. It is the tool that allows us
to show independence results, i.e., that certain statements are
neither provable nor refutable from the axioms.
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A forcing axiom is a technical statement that indicates that the
universe of sets is “rich” or “saturated” in the sense that sets
obtained by the forcing technique are already present. This
provides us with strong reflection principles that go beyond those
granted by large cardinals.

“Small” models of set theory, such as the models L(X), cannot
satisfy these principles. This can be understood as a failure of
compactness. Prototypical examples of such a failure are provided
by square principles.
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Square principles were introduced by Ronald Jensen. Here is an
example:

Definition

Let κ be an infinite cardinal. The principle �(κ,N) holds iff there
is a sequence (Cα | α ∈ κ) such that:

1 For all α, Cα is a countable collection of subsets of α.

2 Each C ∈ Cα is a closed unbounded subset of α.

3 If α < β, C ∈ Cβ, and α is a limit point of C, then C ∩ α is in
Cα.

4 There is no closed unbounded subset D of κ such that for all
limit points α of D we have D ∩ α ∈ Cα.

If each Cα is a singleton, we call this principle �(κ).
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PFA, the proper forcing axiom, is a typical example of a forcing
axiom. We know at least two strong reflection principles that are
consequences of PFA. One is known as the Mapping reflection
principle and was introduced by Justin Moore.

The other is known as the P-ideal dichotomy, and is due to Uri
Abraham and Todorčević.
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Definition

Let X be a set. A P-ideal on X is a collection I of countable
subsets of X such that:

1 I contains all finite subsets of X and is closed under subsets
and under finite unions.

2 Whenever {Xn | n ∈ N} ⊂ I, there is an X ∈ I that almost
contains all the Xn, i.e., such that Xn \X is finite for all n.
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Definition

The P-ideal dichotomy is the statement that for every P-ideal I on
an uncountable set X, either:

1 There is an uncountable Y ⊆ X such that all its countable
subsets are in I, or

2 X =
⋃
nXn for some sets Xn such that for all n, no

countable infinite subset of Xn is in I.
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The principle �(ω1) is an easy consequence of the axiom of choice.
On the other hand:

Theorem (C.-Boban Veličković)

The P-ideal dichotomy implies that �(κ,N) fails for all cardinals
κ > ω1.

This indicates that the P-ideal dichotomy is a“good” reflection
principle in the sense that it refutes the typical statements
witnessing non-compactness.

Moreover, failures of square principles require large cardinals,
showing that the P-ideal dichotomy is a principle of significant
strength.
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For example, Steel proved the following:

Theorem (Steel)

In ZFC, if |R| ≤ ω2 and both �(ω2) and �(ω3) fail, then
determinacy holds in L(R).

In other words, failures of square principles suffice to prove
determinacy, we do not need the assumption that there are models
with large cardinals.

On the other hand, determinacy gives us models with large
cardinals, so we find that the failure of square principles implies the
existence of these models.
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The American Institute of Mathematics has a program called
SQuaREs (Structured Quartet Research Ensembles).

Members of a SQuaRE are invited to the AIM for a week to work
on a focused project. I am part of a SQuaRE, consisting also of
Paul Larson, Grigor Sargsyan, Ralf Schindler, Steel, and Martin
Zeman.
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Woodin introduced a way of forcing over natural models of
determinacy that produces at the end models of choice with nice
combinatorial properties. This is known as the Pmax technique.

As a result of our work on the SQuaRE, we have proved:

Theorem (C.-Larson-Sargsyan-Schindler-Steel-Zeman)

Forcing with Pmax over a natural model of a strong version of
determinacy produces a model of ZFC where |R| ≤ ω2 and both
�(ω2) and �(ω3) fail.

The assumption that we use is significantly weaker than the
P-ideal dichotomy and any other assumption previously known to
imply the conclusion of the theorem. On the other hand, this is the
first example of an application of Pmax over a natural model of the
strong version of determinacy that we consider.
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Play! Invent the world! Invent reality!

Vladimir Nabokov. “Look at the Harlequins!” (1974)
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